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ABSTRACT
T h i s  w or k  d e a l s  w i t h  t h e  F o u r i e r  t r a n s - f o r m  o v e r  - f i n i t e  
• f i e l d s *  A n o t i o n  o-f m i n i m a l  - f u n c t i o n  f o r  t h e  F o u r i e r  t r a n s ­
f o r m  i s  d e f i n e d *  T h e  m i n i m a l  f u n c t i o n s  a r e  s h o w n  t o  b e  a  
g e n e r a l i z a t i o n  o f  t h e  f a m o u s  L e g e n d r e  s y m b o l  T h e  m i n i m a l
f u n c t i o n s  a r e  s t u d i e d  h e r e  i n  t e r m s  o f  g r o u p  a c t i o n s ,  a l l o w ­
i n g  b o t h  u p p e r  a n d  l o w e r  e s t i m a t e s  on  t h e  s i z e  o f  t h e  s e t .  o f  
a l l  m i n i m a l  f u n c t i o n s .  T h e s e  e s t i m a t e s  a r e  s u f f i c i e n t  t o  s e t ­
t l e  a  c o n j e c t u r e  o f  0 . C . M c G e h e e  on  t h e  n u m b e r  o f  m i n i m a l  
f u n c t i o n s .
i v
INTRODUCTION
T h i s  w o r k  w a s  m o t i v a t e d  b y  a  p a p e r  o f  0 .  C. M cG e he e  
d e a l i n g  w i t h  t h e  F o u r i e r  t r a n s - f o r m  o v e r  f i n i t e  f i e l d s  . The
p r o b l e m s  a n d  t e c h n i q u e s  i n  t h a t  p a p e r  a r e  f r o m  a n a l y s i s  . In
t h i s  d i s s e r t a t i o n , M c G e h e e ' s  p r o b l e m  i s  c o n s i d e r e d  f r o m  t h e  
p o i n t  o f  v i e w  o f  a l g e b r a .
L e t  p b e  a  p r i m e ,  p ^  2  , n a n a t u r a l  n u m b e r ,  a n d  l e t
( Fp n , +)  d e n o t e  t h e  a d d i t i v e  g r o u p  o f  t h e  f i n i t e  f i e l d  Fp n .
M cG e he e  c o n s i d e r s  f u n c t i o n s
>1 : ( Fp n , +)  ---------------------- C 0 ,  1 ,  - 1  3-
w i t h  >i (:•:) = 0 i f  a n d  o n l y  i f  = 0 .
T he  F o u r i e r  t r a n s f o r m  o f  ji i s  a  f u n c t i o n  on a d d i t i v e
c h a r a c t e r s  X : Fp n ------------- $ C . T he  norm o f  ji i s  d e f i n e d  t o  b e
t h e  s u p  norm  o f  .n , a n d  i t  s a t i s f i e s  || || i  p n ^ z .
A f u n c t i o n  m i s  s a i d  t o  b e  m i n i m a l  i f  || .m II = p n / z . The
b a s i c  e x a m p l e  o f  a  m i n i m a l  f u n c t i o n  i s  t h e  q u a d r a t i c  f u n c t i o n
v
4  , d e f i n e d  by  : $  <;■:) -  1 f o r  >'. a  n o n z e r o  s q u a r e ,  4  <>;) -  -1
f o r  n o n s q u a r e  , a n d  5  ( 0 ) = 0 .
M c G e h e e ' s  q u e s t i o n  i s  t .o d e s c r i b e  the? m i n i m a l  f u n c t i o n s ,  
o r  a t  l e a s t  t o  c o u n t  t h e m .  When n = 1 o r  2  , M cG e he e  g a v e  a  
c o m p l e t e  c o u n t  o f  t h e  m i n i m a l  f u n c t i o n s .
C h a p t e r  1 c o n t a i n s  b a s i c  m a t e r i a l .  F o l l o w i n g  M cG e he e  ,
P l a n c h e r e l  ' s  f o r m u l a  i s  u s e d  t o  p r o v e  || || i  p n / i  f o r  a n y  o f
t h e  f u n c t i o n s  u n d e r  c o n s i d e r a t i o n .
I n  C h a p t e r  2  we c o n s i d e r  t h e  p r o b l e m  f r o m  t h e  p o i n t  o f  
v i e w  o f  g r o u p  r i n g s .  Any f u n c t i o n  on a  g r o u p  G w i t h  v a l u e s  on
a r i n g  K c a n  b e  r e g a r d e d  a s  an  e l e m e n t  i n  t h e  g r o u p  r i n g  KG.
S i n c e  0 ,  1 ,  - 1  a r e  r a t i o n a l s  i n t e g e r s ,  t h e  m i n i m a l  f u n c t i o n s
" l i v e "  i n  t h e  g r o u p  r i n g  ZG o v e r  t h e  g r o u p  G = ( Fpn , + ) .
I t  s e e m s  r e a s o n a b l e  t o  t h i n k  t h a t  t h e  s t u d y  o f  ZG s h o u l d
s h e d  s o m e  l i g h t  o n  t h e  m i n i m a l  f  Lint i o n s  on  G. F o r  e x a m p l e  t h e  
p r o d u c t  i n  t h e  g r o u p  r i n g  c o r r e s p o n d s  p r e c i s e l y  t o  t h e  c o n v o ­
l u t i o n  o f  f u n c t i o n s  o n  G,  e x p l a i n i n g  t h e  s t a n d a r d  b u t  s o m e -
v i
w h a t  m y s t e r i o u s  a p p e a r a n c e  o f  c o n v o l u t i o n s  i n  t h e  s t u d y  o f  
F o u r i e r  t r a n s - f o r m s .  M o r e o v e r  M cG e he e  h a s  s h o w n  t h a t
^ ^  F = 0 w h e n e v e r  ji i  s  a  m i n i m a l  - f u n c t i o n ,  a n d  t h i s
g  a G
m e a n s  t h a t  t h e  m i n i m a l  - f u n c t i o n s  on  G l i e  i n  t h e  augment ,  a t  i on
i d e a l  IG o f  ZG, i . e .  e a c h  m i n i m a l  m  ^ ' ji ( g )  g  l i e s  i n  t h e
g i_T J G
k e r n e l  o-f t h e  map s  : ZG ------------- 1- Z , s<  ^ ’ >1 ( g )  .
g 6 G
No w,  ZG i s  c o n t a i n e d  i n  (El(^)G w h e r e  ©(£> i s  t h e  p - t h  
c y c l o t o . T . i c  - f i e l d ,  g e n e r a t e d  o v e r  ID b y  a  p - t h  r o o t  o-f u n i t y  $.  
A1 g e b r a i c a l  1 y , (D($)G d e c o m p o s e s  a s  a  d i r e c t  sum o f  i t s  s i m p l e  
f a c t o r s .  S t a n d a r d  t e c h n i q u e s  f r o m  a l g e b r a  g i v e  a  d e c o m p o s i ­
t i o n  o f  (D(S)G a n d ,  v i a  t h e  F ' e r l i s  -  Wal k e r  t h e o r e m ,  e v e n  a 
d e c o m p o s i t i o n  o f  t h e  r a t i  o n a l  g r o u p  r i n g  ID G . T h i s  i s  e x ­
p l a i n e d  i n  C h a p t e r  2 .
T h e  i n t e g r a l  g r o u p  r i n g  Z G i s  an  o r d e r  b u t  u n f o r t u n a t e ­
l y  n o t  a m a x i m a l  o r d e r  i n  ID G.
v i  i
S o  c h a p t e r  2  i s  t o  s u g g e s t  t h a t  o n e  c o u l d  p e r h a p s  a c ­
c o u n t  a l g e b r a i c a l l y  - for  t h e  m i n i m a l  - f u n c t i o n s  i-f we c o u l d  
d e s c e n d  -from ID G t o  Z G a n d  t h e n  f r o m  Z G t o  t h e  s u b s e t  o f  
f u n c t i o n s  w i t h  c o e f f i c i e n t s  0 ,  1 ,  a n d  —1.  T h a t  r e m a i n s  t o  b e  
d o n e .  T h e  b e s t  we c a n  s a y  i s  t h a t  t h e  g r o u p - r i n g  p o i n t  o f  
v i e w  a l l o w s  a  new  p r o o f  t h a t ,  w h en  n i s  e v e n  , m i n i m a l  f u n c ­
t i o n s  h a v e  t h e  p r o p e r t y  t h a t  >«.<;•:>/ $<>:) = . M e ; : ) /  $( c>:)  f o r
a l l  c i n  Fp*  w h e r e  $  i s  t h e  q u a d r a t i c  f u n c t i o n  .
From t h i s  i t  f a l l o w s  t h a t  t h e r e  i s  a  f u n c t i o n  p i n  Fpn
w i t h  M>:> = p<;:) $(>:) a n d  p c o n s t a n t  o n  l i n e s  t h r o u g h  t h e
o r  i q i  n i . e .  p ( c x )  = p ( x >  f o r  a l l  c  i n  F * .  T h i s  i s  t h e  b a s i cr
r e l a t i o n  c o n n e c t i n g  minimaxl f u n c t i o n s  t o  t h e  q u a d r a t i c  
f u n c t i o n  $ .  I t  m e a n s  t h a t  we c a n  f i n d  a l l  b y  i d e n t i f y i n g  
t h e  n e c e s s a r y  r e s t r i c t i o n s  on  p.
C h a p t e r  3  c o n t a i n s  s o m e  m e t h o d s  t o  p r o d u c e  m i n i m a l  f u n c  
t i o n s .  T h e  b a s i c  i d e a  h e r e  c o n s i s t s  o f  s t u d y i n g  g r o u p  a c t i o n
on  t h e  s e t  o-f m i n i m a l  - f u n c t i o n s .
By s h o w i n g  t h a t  GL_n (F p )  a c t s  on  t h e  s e t  o f  m i n i m a l s  ,
we c o n c l u d e  t h a t ,  t h e r e  a r e  e n o u g h  m i n i m a l  f u n c t i o n s  t o  v e r i f y  
a c o n j e c t u r e  o f  M c G e h e e ,  w h i c h  s a y s  t h a t  f o r  n > 1 t h e  n um b e r  
o f  m i n i m a l  f u n c t i o n s  i s  g r e a t e r  t h a n  t w o .  We s h o w  t h a t  f o r
a n y  n i l  t h e  n um ber  o f  m i n i m a l  f u n c t i o n s  i s  a t  l e a s t  2 n .
When n -  2  a n d  p ^  3 ,  5  we s h o w  t h a t  GL-? df’p -'1 d o e s  n o t
a c t  t r a n s i t i v e l y  on  t h e  s e t  o f  m i n i m a l s  ( s e e  s e c t i o n  3  , o f
C h a p t e r  3  >.
H o w e v e r  when  n = 2  we f o u n d  a  g r o u p  e v e n  l a r g e r  t h a n
GI_.2 <IFp>- I f  G -  ( (Fpii , +) , t h e n  G i s  a  v e c t o r  s p a c e  o v e r  Fp 
an d  c a n  b e  c o n s i d e r e d  a s  a  u n i o n  o f  l i n e s  t h r o u g h  t h e  o r i g i n .
Then  t h e  g r o u p  P2 o f  a l l  p e r m u t a t i o n s  cr o f  G, t a k i n g  0  t o  0
a n d  l i n e s  t o  l i n e s ,  a c t s  t r a n s i t i v e l y  on  t h e  m i n i m a l  f u n c ­
t i o n s  . T h u s  we o b t a i n  a l l  m i n i m a l  f u n c t i o n s  f r o m  t h e  F'r>~
o r b i t  o f  t h e  q u a d r a t i c  f u n c t i o n  i-.
In  g e n e r a l  when  n = 2m i s  e v e n ,  t h e n  t h e  f i n i t e  f i e l d
i x
F c o n t a i n s  t h e  s u b - f i e l d  K = F r. , a n d  G = ( F , + >p - i n  p i  i p z n i
c a n  b e  c o n s i d e r e d  t o  b e  a  K - v e c t o r  s p a c e ,  a n d  t h u s  F i s  a
p
u n i o n  o f  K - l i n e s  t h r o u g h  t h e  o r i g i n .  As  b e f o r e ,  we c o n s i d e r  
t h e  g r o u p  F^ O O  o f  p e r m u t a t i o n s  o f  F zm t a k i n g  0  t o  0  a n d
K - l i n e s  t o  K - l i n e s .  I t  i s  n o t  known w h e t h e r  F<?<K> a c t s  t r a n ­
s i t i v e l y  on  m i n i m a l s  w h en  n > 2 .  B u t  we c a n  s a y  t h a t  t h e  a c ­
t i o n  o f  F'2 <K) g i v e s  t h a t  t h e  num ber  N,-, o f  m i n i m a l  f u n c t i o n s
s a t  i  s f  i  e s
w h e r e  t h e  b i n o m i a l  c o e f f i c i e n t  i s  c o m p u t e d  w i t h  t  = p m + 1
F o r  e x a m p l e ,  when  p = 7  a n d  n = 6 we s e e
w h i c h  i s  a  n um ber  w i t h  o v e r  100  d i g i t s .
F i n a l l y  u s i n g  n u m e r i c a l  c o m p u t a t i o n s  , we m ake  a  c o n j e e -
t u r e  - for t h e  s i z e  o-f t h e  Gl - o r b i t  a t  t h e  q u a d r a t i c  f u n c t i o n .
T h i s  n ew  c o n j e c t u r e  h a s  b e e n  n u m e r i c a l l y  v e r i f i e d  i n  a l l  t h e  
e a s i 1 y - c o m p u t i b l e  c a s e s .  I t s  s t a t e m e n t  i s  s i m p l e  e n o u g h  t o  
g i v e  h e r e  s
c o n j e c t u r e  : I f  <? i s  a n  i n v e r t i b l e ?  F - l i n e a r  map on  t h e  f  i -w
n i t e  f i e l d  L — fFp n a n d  i f  < ? s a t i s f i e s  
1 „ cr ( 1 ) — 1
2 .  cr (L-'-i = L"-, 
t h e n  cr ( >: y ) = cr(>;) cr(y) f o r  a l l  , y i n  L. = fFp n .
T h i s  c o n j e c t u r e  s e e m s  t o  b e  o f  i n d e p e n d e n t  i n t e r e s t . .
CHAPTER i
MINIMAL FUNCTIONS OVER F I N I T E  FIELDS
1 . FOURIER ANALYSIS
We s t a r t  b y  c o n s i d e r i n g  a  - f i n i t e  - f i e l d  , w i t h  q  = p n
p a  p r i m e  n u m b e r  p 2  , a n d  n a  p o s i t i v e  i n t e g e r  . D e n o t e  by
G t h e  a d d i t i v e  g r o u p  o-f , a n d  l e t  (C* b e  t h e  m u l t i p l i c a t i v e
g r o u p  o-f t h e  c o m p l e x  n u m b e r s  .
A c h a r a c t e r  o n  G . a s  a  h o m o m o r p h i s m  ¥  :G ----------- > £ *  -from
t h e  a d d i t i v e  g r o u p  G t o  t h e  m u l t i p l i c a t i v e  g r o u p  (D*
T h u s  (0 )  -  1 , a n d  - for  a l l  a  i n  G , t h e  i m a g e  ¥  ( a )  i s
a  p - t h  r o o t  o f  u n i t y  . In  p a r t i c u l a r  V (s> = 9  ( - s ) .
T h e  t r i v i a l  c h a r a c t e r  'x(-( i s  t h e  map g i v e n  b y  ^, - , (a)  = 1 
f o r  a l l  a  i n  G .
T he  s e t  o f  a l l  c h a r a c t e r s  b e c o m e s  a  g r o u p  u n d e r  t h e
m u l t i p l i c a t i o n  o f  f u n c t i o n s  .
- 1 -
T h e  g r o u p  o-f a l l  c h a r a c t e r s  , d e n o t e d  b y  G , i s  c a l l e d
t h e  d u a l  g r o u p  o-f G .
T he  t r a c e  h o m o m o r p h i s m  o n  Fq i s  d e - f i n e d  a s  t h e  a d d i t i v e
map
t r  : Fq Fp
n
t r  <>;) = £___   cr^  (x> ;
i = 1
w h e r e  r u n s  o v e r  t h e  G a l o i s  g r o u p  o f  Fq | Fp
T he  t r a c e  i n d u c e s  a  n o n - s i n g u l a r  b i l i n e a r  f o r m  :
, .> : F q x F q ? Fp .
< x , y  > = t  r ( x y  ) .
Now,  u s i n g  t h i s  b i l i n e a r  f o r m  , i t  i s  p o s i b l e  t o  i d e n t i f y
G w i t h  i s  d u a l  . L e t  g  b e  an  e l e m e n t  i n  G ,  l e t ?  b e  a  p r i m -
•i x , q >
i t i v e  p - t h  r o o t  o f  u n i t y  , a n d  p u t  f  <x> = ? “y
I t  i s  e a s y  t o  s h o w  t h a t  f g i s  a  c h a r a c t e r  on  G , a n d  t h e
map g  f r o m  G t o  G i s  i n  f a c t  a  g r o u p  i s o m o r p h i s m .
From t h i s  o n e  o b t a i n  t h e  f o l l o w i n g  r e s u l t  :
(1 - 1) T h e o r e m  : L e t  <f : G ------------------------  ^ C* b e  a n y  c h a r a c t e r -
t h e n  t h e r e  e x i s t s  a  u n i q u e  g  o n  G s u c h  t h a t ,  - for  a l l  a  i n
< a , g  >
t  ( a  ) = ? , ? a  p - t h  r o o t  o-f u n i t y  . □
( 1 . 2 )  D e f i n i t i o n  : L e t  -f :G --------------- > (C b e  a  - f u n c t i o n  , a n d
a n d  l e t  ¥  b e  a  c h a r a c t e r  on  G . T he  F o u r i e r  t r a n s f o r m  o f  
i s  t h e  f u n c t i o n  f  : G  )• C g i v e n  b y
f  (¥> =  > f  ( g )  ¥ < g  ) 
g eG
f o r  ‘P i n  G
( 1 . 3 )  T h e o r e m  (F'l a n c h e r e l  ) L e t  f  s G ----------------> C b e  a n y
f u n c t i o n ,  a n d  G t h e  d u a l  g r o u p  o f  G . The n  we h a v e  :
/  I f  <¥ ) I2 — I G I I f  <g ) |
¥  e G g a G
p r o o f  : C o n s i d e r  a c h a r a c t e r  ¥  on  G . Then
I f  ( ¥ )  I 2 = f  ( ¥  > . f  ( ¥  ) .
9 ( g )  9 ( s )  = 9  ( g - s )  . A f t e r  r e a r r a n g i n g  t h e  s u m a n d s  we g e t
f  ( 9 )  I ^ ^  f  ( g )  f ( g )  + ^_ f  ( g )  f  ( s )  9  ( g - s  >
g e G g , s  e G
g ¥■ s
= ’> ' I f  ( g )  | 2 + Y2  'f < )  f < s )  ^ ( 5 " s )
q e G g , s  6 G
g 5* s
Sum ming  o v e r  a l l  f  i n  G o n  b o t h  s i d e s  , we g e t  :
^ ^  I if ( 9 )  ^  = I G I y  ' | f ( g )  1  ^ + ^ 'f  ( g ) f  ( s ) *9  ( g - s )
f  e  G g e G g , s  e G 9  e G
g ¥■ s
F o r  s  a n d  g  a n d  - f i x e d  a n d  d i s t i n c t ,  t h e  l a s t  sum i s  z e r o  
T h e r e f o r e  we o b t a i n
}  ] I f  ( 9  ) I2 -  I G | J  ‘ | f  ( g ) | 2
9  e G g e G
W h ic h  i s  t h e  s t a t e m e n t  o f  t h e  t h e o r e m  . □
( 1 . 4 )  D e f  i n i t i  on  : L e t  f  : G --------------- )• C b e  a n y  f u n c t i o n  .
T he  norm  o f  f  i s  d e f i n e d  a s  II f  II = Sup  .... I f  ( 9 ) 1
9  e G
Remark I f  f  i s  a  - f u n c t i o n  on  G p u t  M = Sup  | f  <g) | ,
g  e 6
t h e n  we o b t a i n  :
I * f  <g ) 9  ( g )  | i  M ") ' | <? ( g ) |
g £ G g 6 G
U s i n g  I <f ( g )  I £ 1 , f o r  a l l  g € G , g i v e s
II f  II i  M I G I.
2 .  McGEHEE' S PROBLEM
C o n s i d e r  t h e  f u n c t i o n s  G ------------------Is- <C g i v e n  b y
.f . G-------------------- » € 0 , 1 , -1  > ,
a n d  s u c h  t h a t  f ( g )  = 0  i f  a n d  o n l y  i f  g = o
T h e  s e t  o f  t h e s e  f u n c t i o n s  w i l l  b e  d e n o t e d  b y  1)1 .
< 1 .  5 )  D e f  i  n i  t  i o n  : A f u n c t i o n  f  i n  JXl i  s  c a l l e d  a  mi n i  mal
f u n c t i o n  o n  G i f  II f  || i  II h || , f o r  a l l  h i n  1)1 .
M c G e h e e ' s  p r o b l e m  i s  : G i v e n  G , f i n d  t h e  n um ber  o f
m i n i m a l  f u n c t i o n s  .
IMe:-:t, we i n t r o d u c e  s o m e  d e f i n i t i o n s  a n d  b a s i c  r e s u l t s  f r o m  
F o u r i e r  a n a l y s i s  i n  o r d e r  t o  f i n d  c o n d i t i o n s  on  m i n i m a l
f u n c t i o n s  .
( 1 . 6 )  D e f  i  n i  t  i  on  : L e t  f  a n d  h b e  t w o  comp 1 e : : - v a l  u e d  f u n c ­
t i o n s  o n  G . T h e  c o n v o l u t i  on  o f  f  a n d  h i s  t h e  f u n c t i o n  f * h  
g i v e n  b y  :
f * h  ( >■:) = y  ' f (  ; : - g ) h (  g ) ,  f o r  a l l  >: i n  G 
g e G
( 1 . 7 )  D e f  i n i  t i o n  : L e t  f  : G --------------------- C . T h e n  f  i s  t h e
f u n c t i o n  f  : G ------------------> C g i v e n  b y  f  < x )  = f < —;■:).
T he  f o l l o w i n g  w e l l  known r e l a t i o n s  b e t w e e n  F o u r i e r  
t r a n s f o r m s  a n d  c o n v o l u t i o n s  c a n  b e  f o u n d  i n  t h e  b o o k  o f  
Graham a n d  M c G e h e e  [ G-M 3.
( 1 . 8 )  Lemma : L e t  f ,  h b e  f u n c t i o n s  on  G w i t h  v a l u e s  on  C. 
The n  we h a v e  :
rv_.
i  ) f  = f
i i ) ( f * h ) = f  . H
- 7 -
p r o o f ; i )  L e t  ¥  b e  i n  G . Then
( f  ) <<f>) = * ( g ) (g )
g e G
} f  ( - g )  fMg)  
g e G
= ^ ^  <~9> V ( - g
g e G
[ Y 2  f (g> <p<g) .1
g e G
f  < <P > .
T h u s  we h a v e  s h o w n  f  = f
i i )  L e t  f  b e  i n  G. T he n
< f  *  h ) ( ¥ )  = f  *  h ( g )  <P (g )
g e G
[ \  ' f  ( g - ; : )  h (:■:) j  ¥  ( g )
g 6 G >i e G
Make g -  = t  i n  t h e  l a s t  sum , t o  o b t a i n
( 1 . 9 )
c  ( t )
< * *  h > (<P> = f  ( t )  h ( x )  9  ( x + t  )
x e G t  6 G
- c  c  f  ( t )  h <x) 9  ( x )  9  ( t )  
x e G t  e G
[ ^ ( t )  ]  [  Y U  h <>:) ^ <x
t  6 G x 6 G
= f  < <P> h < 9)
T h e r e f o r e  f  * h = f  . h a s  we c l a i m e d .
In  p a r t i c u l a r  , p u t t i n g  h = f  i n  i i )  g i v e s
( f  *■ f  ) ( <P) = f  ( <P) . f  ( ¥ )
= f  <T) . f  <'f> . ( b y  i  ) )
I f  < <P) |
T h a t  - f i n i s h e s  t h e  p r o o f  . □
Lemma : L e t  f  ; G -> C , a n d  d e f i n e
f  *  f ( t ) ,  f o r  t  i n  G . T h e n  we  h a v e
Y U  c < t )
t  e G s  e G
p r o o f  : C o n s i d e r
- 9 -
c  ( t )  
6 G
= Y Y  f  *  f
t  e G
( t )
Y 2
t  6 G
f  
€ G
( t - s  ) -f ( s )
=  y y  YYY * ( t ~s }  f  ( - s >
t  e G s  6 G
W r i t i n g  g = t - s  , w e  g e t
^ ’ c ( t >  =  y y  YYY ’f < 9 >  f < - s >
g . € G s  e G
11
g
f  <g> ]  [  j
e G
f
S  6  G
( s )
c f  < s ) □
6 G
M c G e h e e  f o u n d  t h e  f o l l o w i n g  c r i t e r i o n  f o r  m i n i m a l i t y  ( s e e  
C M 3 ) .
( 1 . 1 0 )  Lemma : F o r  f  e ffl , we h a v e  :
i  > II f  II 1 V' q , w h e r e  q = | G | .
i i  ) II f  II = \ /  q , i f  a n d  o n l y  i f  f  ( \ 0 ) = 0 , a n d
- 1 0 -
| -f ( <f ) I = sv/  q , - for a l l  9  t* y n  i n  G .
'V
p r o o f  i i )  As  i n  lemma ( 1 . 9 )  d e - f i n e  c ( t )  = (-f *  f ) ( t )  , f o r
t  i n  G . T hen  c ( t )  i s  an  i n t e g e r  a n d  c ( t >  i s  o d d  f o r  t  5^  0 ,
s i n c e  c ( t )  i s  a  sum o f  q - 2  t e r m s  ( q o d d )  , a l l  o f  w h i c h  a r e  1
o r  - 1 .  S o  f o r  t  0  we h a v e  | c ( t )  \ z  I  1 a n d
\  ' I c ( t )  \ z  I  q -  1 .
t  7* 0
Mow c ( 0 )  i s  g i v e n  b y
c ( 0 ) = ( f  *  f  > < 0 ) = f  ( - s )  f  ( —s ) ,
s  e G
= ^  I f  ( s )  | 2 = q -  1
s  e G
T h e r e f o r e  c  (O )^  = ( q - 1  ) ^  a n d  t h u s
( q-1  >*• + ( q-1  > 1 2__ . I c ( : t )
t  € G
( 1 )
I    | f  *  f  < t )  I*
t  e G
( 2 )
I ( f  *  f  ) ( 9 )  I-* ( b y  P l a n c h e r e l )
II f  i r I f  ( g )  I2 ( b y  p l a n c h e r e l )
g e G
II f  ll* ( q-1  > (4 )
T h u s  we  h a v e  s h o w n  : ( q - l ) q  S II f  11^  ( q - 1 )  , a n d  -from
t h i s  we g e t  II f  II * v'' q
i i )  A s s u m e  t h a t  II f  II = %/ q „ T h i s  f o r c e s  a l l  i n e q u a l i t i e s  
( 1 )  -  ( 4 )  t o  b e  e q u a l i t i e s  .
From ( 3 )  we  g e t
I f  < ¥  > | 4 II f  II St I f  <¥> I* .  ( 5 )
¥  e G ¥  6 G
c l a i m  s F o r  a l l  ¥  e G we h a v e  e i t h e r  | f  ( ¥ )  | II f  II o r
I f  (¥) | -  0
A s s u m e  0  < I f  (¥> | II f  II f o r  s o m e  9  i n  G . Then
we h a v e
I f  <<P> I 4 < || f  II2 | HF <<P> I 2  ( 6 )
On t h e  o t h e r  h a n d  , - for t h e  r e m a i n i n g  c h a r a c t e r s  \  i n
G d i f f e r e n t  -from 9  , we  o b t a i n
I f  <*> 14 * II f  II2 I f  Cx) 12 ( 7 )
A d d i n g  up ( 6 )  a n d  ( 7 )  g i v e s
)  '  i ?  c x >  i 4  <  ii  f  ii YZ 1 *  ( y >  | 2  ■
^ e  G 'X  e  G
T he  l a s t  i n e q u a l i t y  c o n t r a d i c t s  <5) . S o  t h e  c l a i m  i s
c e r t a i n l y  t r u e  .
N e x t  we w a n t  t o  p r o v e  t h a t  f  -  0  •
From e q u a t i o n  ( 1 )  o n e  g e t s
I  , I c  ( t ) l^ = q-1  ,
t  7* 0
w h i c h  i m p l i e s  | c ( t )  | = 1 - for a l l  t  ^  0
On t h e  o t h e r  h a n d
y ' c c t ) =  [  y z  f ( t >  ] *  ( b Y l emma 1 . 9  >
t  e G t  e G
= I f  <X0 ) \Z i II f  II2 = q
T h e r e f o r e
 ^ ' c  < t ) S q -  c < 0 ) = q -  ( q-1  ) -  1 .
t  ¥■ 0
T h e  a b o v e  sum c a n n o t  b e  1 s i n c e  t h e  n um b e r  o f  s u m m a n d s  
i s  e v e n  a n d  e a c h  v a l u e  c ( t )  i s  o d d .  T h u s  we g e t
I f  0 co ) 1^  = q -1  + )  ] c ( t )  < q ( 8 )
t  5* 0
From ( 8 ) a n d  t h e  c l a i m  we  d e d u c e  t h a t  f  Oc,-,) = 0 .
F i n a l l y  , f r o m  t h e  F ' l a n c h e r e l  r e l a t i o n  i t  f o l l o w s
 ^ ' | f  <<P> | 2 = q ( q - 1 )  = || f  II2- ( q - 1  )
9  e G
S i n c e  we  h a v e  a l r e a d y  p r o v e d  t h a t  f  ~ 0 ,  t h e  l a s t
sum i s  t a k e n  o v e r  q -1  t e r m s  , a l l  o f  w h i c h  a r e  l e s s  t h a n  o r
e q u a l  t o  || f  II2 a n d  w h i c h  sum t o  || f  II2, ( q - 1  ) . T h e r e f o r e
we m u s t  c o n c l u d e  I f  (9 'i  12 = II f  II2 , f o r  a l l  ^
T h a t  p r o v e s  | f  <<f) | = , f o r  a l l  9  7* k Ci .
C o n v e r s e l e y  , i f  we  a s s u m e  !
f  C*,-,) = 0  a n d  | f  ( ¥ )  | = v-'' q , f o r  a l l  9  5* > 1
t h e n  we  c l e a r l y  h a v e  || f  II = *./ q . □
T h e  n e x t  s t e p  w i l l  b e  t o  s h o w  t h a t  m i n i m a l  f u n t i o n s  e x i s t
( 1 . 1 1 )  D e f  i  n i  t  i on  : L e t  F q b e  a  f i n i t e  f i e l d  o f  q e l e m e n t s  ,
t h e n  t h e  q u a d r a t i c  f u n t i o n  o n  F , i s  d e f i n e d  a s
£■ ( x )
1 i f  >■
-1  i f
o  i f  >
i s  a  n o n —z e r o  s q u a r e  i n  F(
i s  n o t  a  s q u a r e  i n  F Q,
= 0 .
q
( 1 . 1 2 ) Lemma : T h e  q u a d r a t i c  f u n c t i o n  $  h a s  t h e  p r o p e r t i e s
i )  5  ( a . b )  = $  ( a ) . i 1 <b) , f o r  a l l  a , b  i n  F.
i  i  ) I  ( i'  ( s ) = 0
s  e F q
p r o o f  : i )  F o l l o w s  d i r e c t l y  f r o m  t h e  t h e  f a c t  t h a t  F *  /  F* *H H
h a s  o r d e r  t w o .
i i )  U s e  t h e  f a c t  t h a t  t h e  n umb e r  o f  n o n - z e r o  s q u a r e s  i n
F q i s  e q u a l  t o  t h e  n umb e r  o f  n o n  s q u a r e s  . H e n c e  t h e  n u m b e r
o f  l ' s  i n  t h e  sum i s  t h e  s a m e  a s  t h e  n u m b e r  o f  - I ' s .  □
< 1 .  1 5 )  T h e o r e m : T he  q u a d r a t i c  f u n c t i o n  $  : G  > CO. 1 , - 1 }
h a s  n o r m || $  II = v" q , a n d  i s  m i n i m a l  .
p r o o f  i I f  we  s h o w  II $  II = n/ '  q , t h e n  $  i s  m i n i m a l  b y  l emma
1 . 1 0  , p a r t  i ) .  By p a r t  i i )  o f  t h e  s a m e  l emma , t h e  t h e o r e m
w i l l  b e  p r o v e d  i f  we c a n  s h o w
i  ) $  ( K,-) ) = 0 , a n d
i i )  I i  (*P) | = v '  q , f o r  a l l  f  i n  G,  ¥ 7* }i(-) .
To  s h o w  i )  , u s e  t h e  s e c o n d  p a r t  o f  l emma  ( 1 . 1 2 )  t o  g e t
£- ( ) =  YU  $  <s )  =  0  ■
s  € G
In o r d e r  t o  p r o v e  i i )  t a k e  a n o n  t r i v i a l  c h a r a c t e r  i n
G . The n  we h a v e
-1 6 -
=  ^ I $  ( s )  + y  4  ( g s )  9  ( g - s  ) .
I n  t h e  l a s t  sum , t h e  t e r m s  w i t h  g  = O d o  n o t  g i v e  a n y  
c o n t r i b u t i o n  . T h u s  , n e g l e c t i n g  t h o s e  t e r m s  , a n d  s e t t i n g  
c  = s / g  we o b t a i n  :
! ' $ < ? >  | 2 = < q -  1 > + £__ , 5 ( c )  I__ , <P ( g ( 1 -  c ) ) .
c  5* 1 g  t6 0
O b s e r v e  t h a t  when g r u n s  o v e r  G — t 0> , t h e n  g ( l - c )  a l s o
r u n s  o v e r  G -  -C03- . T h e r e f o r e  , we  c a n  w r i t e
¥  ( g< 1 -  c ) )  = I    f  ( t )  = -  ( 0 )  = - 1
g 0  t  t6 0
T h u s  we o b t a i n
( q - 1  > -  ( - 1 )  ( From l emma 1 . 1 2  i i )
T h e r e f o r e  , we  h a v e  s h o w n  | $  ( f  ) \ ~ v '  q , a n d  t h a t
e n d s  t h e  p r o o f  . □
CHAPTER 2  
THE GROUP RING
1.  I n t r o d u c t i o n  -
T he  a i m  o f  t h i s  c h a p t e r  i s  t o  i n t e r p r e t  t h e  o r i g i n a l  
p r o b l e m  i n  t h e  c o n t e x t .  o f  g r o u p  r i n g s ,  w h e r e  t h e  r e l a t i o n s  
b e t w e e n  f u n c t i o n s  a n d  t h e i r  F o u r i e r  t r a n s f o r m s  b e c o m e  c l e a r .
We s t a r t  t h i s  c h a p t e r  b y  r e c a l l i n g  b a s i c  d e f i n i t i o n s  a nd  
f a c t s  a b o u t  t h e  g r o u p  r i n g  .
2 .  THE GROUP RING FG .
L e t  G b e  a  f i n i t e  a b e l i a n  g r o u p  i n  w h i c h  t h e  o p e r a t i o n  
i s  w r i t t e n  m u l t i p i i c a t i v e l y . L e t  F b e  a n y  f i e l d  .
( 2 . 1 )  D e f i n i t i o n  : T h e  g r o u p  r i n g  o f  G o v e r  F i s  t h e  r i n g
FG w h o s e  e l e m e n t s  a r e  f o r m a l  s u m s :
\  a g - 9  ’ w h e r e  a g i s  i n  F .
g € G
T he  t w o  r i n g s  o p e r a t i o n s  a r e  d e f i n e d  a s  f o l l o w s  : 
a d d i t i o n  i s  c o m p o n e n t w i s e  a n d  m u l t i p l i c a t i o n  i s
[  C  a g - g  ]  [  Y U  b g ‘ s  ]  = Y U  a 9 b s  9 ‘ s  '
g e G s  € G g , s  e G
2  ^ c ^ . t  , w h e r e  c^  = ^ ^  a g b s  ■
t  e G g . s  = t
Remark  : We c a n  t h i n k  o f  t h e  e l e m e n t s  i n  t h e  g r o u p  r i n g  
a s  F - v a l u e d  f u n c t i o n s  o n  G , n a m e l y
f  = )  ’ f ( g )  . g
g e G
F o r  f j  a n d  f 2  i n  FG , t h e i r  p r o d u c t  i n  t h e  g r o u p  r i n g
( n o t  a s  f u n c t i o n s )  c a n  b e  e x p r e s s e d  i n  t e r m s  o f  c o n v o l u t i o n s  
( s e e  d e f i n i t i o n  1 - 6  )
f 1 . f 2  = 2 , f  1 <g > ’f 2 ( h )  9 h
g , h e G
= f 1 ( g ) f 2 < t - g )  ]  t
t  e G g e G
f , * f o  ( t )  tJ.
t  6 G
Remark.:  FG i s  a  v e c t o r  s p a c e  o v e r  F o f  d i m e n s i o n  |G | o v e r  F 
One c h o i c e  o f  t h e  b a s i s  f o r  FG o v e r  F i s  f  g | g  e G >.
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< 2 . 2 )  Lemma; F o r  c h a r a c t e r s  y  a n d  y *  i n  G we h a v e
a )  )  ’ > / (g""1 > *  <g) = I<3 I .
g  e G
F o r  y  t* y C) a n d  - for h , g  i n  G s 
b)  )  ' y  <h) y  ( g — 1) = g |Gy e g
T h e s e  e q u a t i o n s  a r e  t h e  o r t h o g o n a l i t y  r e l a t i o n s  f o r
c h a r a c t e r s .
p r o o f  ; a )  A s s u m e  f i r s t  t h a t  y  -  y /  . The n  t h e  sum b e c o m e s
y < g 1 ) >: < g ) -  )  * y < l ) = I G I . 
g € G g e G
A s s u m e  now y  ■^  y  /  . S i n c e  G i s  a  g r o u p ,  t h e r e  e x i s t s
f6 Xo i n  G s u c h  t h a t  y *  -  y  . H e n c e
)  y ' < g - 1 > y  <g> = )  V ( g - 1 ) y  <g_ 1 > y  ( g )
g e G g € G
_  )  ' 9  < g _ 1 ) = 0  .
g e G
b)  L e t  h a n d  g  b e  i n  G . We c o n s i d e r  t w o  c a s e s .
I f  g = h , we h a v e
2 0
y ' x <h> x  ( g ~ 1 > 
x  e g X e G X e G
1 IG |
I f  g =*' h , p u t  h . g  1 = k . The n  k 1 and
£__  ^ X ( h )  x ( g " 1)
X e G X e G
X< k ) 0
3 . THE ISOMORPHISM THEOREM FOR THE RATIONAL GROUP RING © G
L e t  G b e  a  - f i n i t e  a b e l i a n  g r o u p  w i t h  | G|  = p n = q .
L e t  F b e  a n y  - f i e l d  o f  c h a r a c t e r  i  s t  i c  z e r o  w h i c h  c o n t a i n s  
a p r i m i t i v e  p —t h  r o o t  o f  u n i t y .
As  a b o v e  , FG d e n o t e s  t h e  g r o u p  r i n g  o f  F o v e r  G , a n d  
© F w i l l  b e  t h e  d i r e c t ,  sum F © . . .  © F o f  q c o p i e s  o f  F .
We w r i t e  t h e  e l e m e n t s  o f  © F , a s  f o r m a l  s u m s
X e G
w h e r e  Av  i s  i n  F , f o r  a l l  X i n  G . A d d i t i o n  a n d  m u l t i p l i c a
t i o n  i n  © F a r e  c o m p o n e n t w i s e .
C o n s i d e r  t h e  F —l i n e a r  map
- 2 1 -
+• : FG
9
(1 >
Remark : I f  f  =   ^ " f < g )  g i n  FG , we w i l l  s e e
g e G
V <f> }  ' f  (X)
X e G
y
( 2 . 5 ) T h e o r e m  : L e t  *  b e  t h e  map g i v e n  i n  ( 1 )  . Then
a )  h o r
2__ _ a g g i n  F'G , t h e n
g e G
*  <v> = Av  X i w h e r e
s
A-.
g e G
a g X ( g )  , - for a l l  X i n  G
b)  D e f i n e  0  : #  F FG b y
r  v  X
X 6 G
-  c
g 6 G
ag 9
w h e r e
as ■ i i?  C  , r* * ,g ’’
X € G
Then 0  = V
c )  i  i s  a  r i n g  i s o m o r p h i s m
p r o o f  : a )  T h i s  i s  t h e  d e f i n i t i o n  o f  " l i n e a r  e x t e n s i o n  "
b> H e r e  we n e e d  t o  s h o w
i ) 0  S' ( v )  = v  f o r  a l l  v  i n  FG
i i )  S' 0  (V) = V , - for a l l  V i n  *  F.
In o r d e r  t o  p r o v e  i )  l e t  v  = ^ ^  a g  g i n  FG . T h u s
g e G
S'(v)  = ' Av *  = H I  [  C
X s G X e G g e G
T h e r e f o r e  t h e  c o e f f i c i e n t  o f  g  i n  © S '  ( v )  i s
< 0  *  ( v)  >g = y z  [ Z Z  a h  * <h) 3 *  <g-1>
X 6 G h e G
a h j X ( h ) X 1 < g )
IG |------- L--. h L------------
h 6 G X e G
7157 a h ’ h , g  ' E l  I b y  2 . 2  b
h e G
- i — f  | G |  a n 1 = a .  
| G | L 9 J c-
H e n c e  we c o n c l u d e  0  <v) = v , p r o v i n g  p a r t  i ) .
We p r o c e e d  t o  s h o w  i i )
L e t  V r y  v  i n  #  F.  The n
X e G
0  (V)
g e G
|G | •x <g- 1 > ]
T h e r e f o r e  t h e  X ~ t h  c o m p o n e n t  o f  0  (V) i s
<* 0  (V) )-x  -  - Xj -  r <? *  < 9 _ 1 )  ]  *  ( 9 )
J L  ^ ’ r
G1 L i ■ <?[ YU * (g *  <g)  ]
¥  e G g 6 6
1
IG | r T 18 1 S(P,X ( b y  ( 2 . 2  a  )
¥  € G
= r X
T h a t  e n d s  t h e  p r o o f  o f  i i ) .
I t  r e m a i n s  t o  s h o w  t h a t  y  p r e s e r v e s  s u m s  a n d  p r o d u c t s .
C o n s i d e r  a n y  t w o  e l e m e n t s  v  a n d  w i n  G . W r i t e
v  = 2__ _ a g 9 * a n d  w ^_I__ , b g g ( 2 )
g e G g e G
w h e r e  a g  , bg  a r e  e l e m e n t s  i n  F . T h u s  we h a v e
( v  + w) = y  [  \  * ( a g + b g )  g ]
g e 6
-  C  .  t C  <*. ♦ v  ■ 3 *
X 6 G g e G
= C  ,, [ YZ a g « ] * + C [ C  b9 s 3 *
X e G g e G X e G g e G
=  'J' ( v ) + ^  ( w ) .
We w a n t  t o  p r o v e  t h e  mul  t i  p i  i  c a t i  v i  t y  o f  y  - f i r s t  on
e l e m e n t s  o f  G . F o r  g a n d  h i n  G we g e t
V < g . h ) = } x  < g . h ) x
v  6 G
-• )  * X ( g > . X ( h > x
X 6 G
= [  )  X ( g ) 'x ]  [ \  * 'x ( h ) ]
X e G X e G
= y  ( g )  y ( h )  .
L e t  v  a n d  w b e  a n y  t w o  e l e m e n t s  i n  FG , a s  i n  ( 2 ) .  The n
[  a g " b h 9 " h ]
g , h 6 G
*  [  Y Z  a g [  V " .  b h h ] g  3
g e G h 6 G
) ' a g [  * b h ( h ) ]  V ( g )
g e G h e G
\  * a g >Mw) 4' (g)
g e G
= ^ ( w )  ^ ^  a q ’H g >  = ^ ( w )  >Hv) . □
g € G
Remark : i  -f we  t a k e  F = (El ( ? )  , w h e r e  £ i s  a  p r i m i t i v e  p - t h
r o o t  o f  u n i t y  we  g e t  t h e  i s o m o r p h i s m  :
ID (£>G = (Q ( £) $  . . . .  $  ID ( £ )  , |G | -  t i m e s
F o r  y  e G , s e t  By -  ( 0 , .  . . , 0 ,  1 , 0 , .  . . 0 )  e $  <Q(£> ,
w h e r e  1 i s  i n  t h e  ' x - t h  p o s i t i o n  . The n  t h e  s e t  C By  | y  e G }
i s  a b a s i s  - for ® (Q(£) c o n s i s t i n g  o f  o r t h o g o n a l  i d e m p o t e n t s .
D e - f i n e :  e v  = ■■* ’ y  (q 1 ) q = +■ 1 ( )
*  1(31 I • „  ‘ ‘ *
g e G
The n  t h e  e l e m e n t s  e-y a r e  a l s o  i d e m p o t e n t s
2 6 -
i i n c e  By,2- -  ^  1 ( e.  ^ ) ■+■ 1 <z y ) = >J/“ 1 ( e ^ £ ) = = e-^
M o r e o v e r  , i f  X ^  ' x /  we  g e t
e X e X /  “  ^ 1 * E\  * 1 * eX '  * = ^  1 * £X Ev / > = y  1 < 0  > = 0 .
T h e r e f o r e  t h e  s e t  C e ^  | \  e G > i s  a  b a s i s  f o r  © ( ? ) G
c o n s i s t i n g  o f  o r t h o g o n a l  i d e m p o t e n t s .
Remark ; i f  f  = ^ ^  f < g )  g , t h e n  we c a n  e x p r e s s  f  i n  t e r m s  
g e G
o f  t h e  i d e m p o t e n t s  a s  f o l l o w s :
f  = y z ,  * w  e *  ■
’X e G
Our n e x t  g o a l  w i l l  b e  t o  o b t a i n  a  s i m i l a r  i s o m o r p h i s m  
f o r  t h e  r a t i o n a l  g r o u p  r i n g  © G . C o m b i n i n g  t h e  i s o m o r p h i s m
’k g i v e n  < 2 . 3  ) w i t h  t h e  i n c l u s i o n  © G --------- > © (?>G g i v e s
t h e  i n j e c t i o n
© G ------ — ----- » ©<?>G    5- © ( ? )  ® . . .  $  © ( ? )
We w i s h  t o  f i n d  t h e  i m a g e  o f  © G u n d e r  t h i s  map.
F i r s t ,  we s t u d y  t h e  a c t i o n  o f  t h e  g r o u p  G a l ( © ( ? ) :  © )
o —J x
on  t h e  r i n g s  ©(?>G a n d  ® © ( £ )  .
O b s e r v e  t h a t  Gal  ( © ( £ ) :  © > a c t s  o n  © ( ? ) G  b y  i t s  n a t u ­
r a l  a c t i o n  on  © <?)
F o r  c  i n  Gal  ( © ( ? ) :  (D ) a n d  v a g  g i n  © ( ? ) G
d e f i n e
g e G g e G
<r< a g ) g
I t  i s  c l e a r  t h a t  e v e r y  <y i n d u c e s  i n  t h i s  way  a  ©-  a l g e b r a
i s o m o r p h i s m  on © ( ? ) G  . M o r e o v e r  , © G i s  f i x e d  u n d e r  <y
T h e  a c t i o n  o f  Gal  < © ( ? ) :  © ) o v e r  € > © ( ? )  i s  d e f i n e d  a s
f o l 1 o w s
F o r  V Av  X , i n  f  © ( ? )  , d e f i n e
or ( V )  = cr ( Av ) cr ( X )
■X 6 G
w h e r e  cr( x> ( g )  -  cr ( X ( g ) )  , f o r  a l l  g  i n  G .
R e m a r k ; T he  v a l u e  o f  cr o n  V c a n  b e  a l s o  w r i t t e n  a s
cr ( V )  -  i BX *  ’
X e G
w h e r e  B-  ^ = <r ( A^ - 1 ( -x )  ) .
( 2 . 4 )  Lemmas T h e  - f o l l o w i n g  d i a g r a m  c o m m u t e s
S'
©<?>G
©<€>G
-* «  ©<$)
f o r  a l l  cr i n  Gal  ( © ( ? ) :  © )
p r o o f :  We n e e d  t o  s h o w  <r t  = y  tr . F o r  v  i n  (EHO G
S' o" ( v )  = S' cr £ I  ( a g 9
q 6 G
♦  [ C  *  ( v  9 5 =  Y Z  .....B*  *
g 6 G >,: e G
w h e r e  B-^ , = i  ^ cr ( a g ) y  ( g )
g 6 G
On t h e  o t h e r  h a n d  ,
t h e n
?
w h e r e  ^ ( a q *  ■
g e G
T h u s  cr ( ) = cr [   ^ ' a g c r ^ X  <g) ]
g e G
= )  ’ cr ( a g > X ( g )  = B- .^
g 6 G
T h e r e f o r e  cr t  = t  c  ■ □
( 2 . 5 )  C o r o l  1 a r v ; L e t  a  b e  i n  ©<£)G . The n  a  i s  i n  IDG i f  a n d
o n l y  i f  <y (H'(a) ) = 'Ha> , f o r  a l l  cr i n  Gal  ( © ( ? > :  B ) .
p r o o f  : O b s e r v e  t h a t  cr ( y ( a )  ) = 4' ( cr ( a )  ) , b y  t h e  p r e ­
v i o u s  t h e o r e m  . T h u s  7  t  ( a )  = *  ( a )  i f  a n d  o n l y  i f  <7 ( a )  = a 
w h i c h  h a p p e n s  i f  a n d  o n l y  i f  t h e  c o e f f i c i e n t  o f  a  l i e  i n  © . □
D e f i n i t i o n  : L e t  y ^  a n d  * 2 b e  i n  G . W e  s a y  t h a t  X* i s  a
c o n  j u g a t e  t o  X2 v i a  Gal  ( ©< ?) : © ) i f  f o r  s o m e  cr i n
Gal  ( © ( £ > :  © ) we  h a v e  : Xj  -  cr X2 *
Remark : I f  Xq i s  t h e  t r i v i a l  c h a r a c t e r  , i t s  c l a s s  c o n s i s t s
o f  Xq a l o n e  . I f  X F* Xq , X h a s  p - 1  e l e m e n t s  . T h e r e f o r e  , i f
t  i s  t h e  n umb e r  o f  c l a s s e s  , we  h a v e
( t - 1  ) ( p - 1  ) + 1 = | G |  = p n .
T h u s  t  = —2--------- — + l  = s  + 1 , w h e r e  s  = ^ -------—
p - 1  p - 1
( 5 . 6 )  Lemma : L e t  X<-, , Xi  , . . . , X,- , s  = ^-----  b e  r e p r e s e n -
13 p - 1
t a t i v e s  o-f t h e  c o n j u g a c y  c l a s s e s  . T h e n  i  -f (€* ©(C)  ) S a l  
n o t e s  t h e  s e t  e l e m e n t s  i n  €> ©(C> - f i x e d  u n d e r  Gal  ( © ( C ) :  © 
we h a v e  :
( €> ©(C> ) Ga l  = © €> ©( CVx*® . . .  $  ©(?)X, :
p r o o f  : O b s e r v e  t h a t   ^ X i s  - f i x e d  b y  Gal  ( © ( C ) :  © )
X e G
i f  a n d  o n l y  i f
[  Y Z  , A*  -  ] =  l Z  a  *  ■
X e G X e G
s o
cr ( Ply) <y (X) = ') ’ A-x X-
X e G X e G
T h e r e f o r e  c  ( Aff-  ) = A-y f o r  a l l  X , o r
- 3 1 -
AC5~ 1'x = * ~ 1 ( A'x }
o r
Ajj. -x = cr ( A-x ) - for a l l  X .
S o  , i f  Xj r e p r e s e n t s  t h e  c o n j u g a c y  c l a s s  o-f X , t h e n
we know A .^ ^ b y  k n o w i n g  A-^ .
Map A-  ^ X t o  : A-x X a + '}- ' A^.. X± ■
X e G i  = 1
C o n v e r s e l e y  , g i v e n  Av  , Av  , . . .  , Av  i n  © ( £ )  , t a k e
-- ® j s
X i n  G a n d  w r i t e  : X = cr ( Xj, > f o r  some? tr e Gal  ( © ( ? )  s © ) ,
s o m e  .i e -CO,  1 ,  . . .  , s  > a n d  d e f i n e
The n   ^ ' A^ . X i s  f i x e d  b y  Gal  ( © ( C ) :  © ) .  □
X e G
The  f o l l o w i n g  i s  t h e  P e r l  i s  -  W a l k e r  T h e o r e m  ( s e e  CK1, 
p a g e  5 6  ) .  We i n c l u d e  a  p r o o f  f o r  c o m p l e t e n e s s .
( 2 . 7 )  T h e o r e m  : L e t  C Xj  , . . .  , XB 3- b e  a  s e t  o-f r e p r e ­
s e n t a t i v e s  o-f t h e  d i f f e r e n t  c o n j u g a c y  c l a s s e s  o f  c h a r a c t e r s  
u n d e r  t h e  a c t i o n  o f  B a l  ( (D<?>: ID ) . The n  t h e  map
'4' f  : © G ------------------ )- (D © (D(:?) © . . .  © (D ( £)
g  ( 1 , X i  ( g ) , . . . , Xs  ( g ) > »
i s  a  ID—a l g e b r a  i s o m o r p h i s m .
p r o o f  s By t h e  p r e v i o u s  l emma we h a v e  t h e  i s o m o r p h i s m
( © (D(?) ) Gal  = ID © ( D( ? ) X1 $ ____  ® (D(?>XS .
On t h e  o t h e r  h a n d  , -f i n d u c e s  an  i s o m o r p h i s m  ^
ID G = ( (D(S)G ) Gal  = ( © <D(?)G ) Gal  .
T h e n  y '  i s  t h e  c o m p o s i t i o n  o f  b o t h  i s o m o r p h i s m s .  □ .
4 . GROUP ACTION ON QG.
We c o n s i d e r  h e r e  a n  a c t i o n  o f  t h e  m u l t i p l i c a t i v e  g r o u p
Fp*  on t h e  r a t i o n a l  g r o u p  r i n g  IDG , f o r  G = ( F q , + ) . As
b e f o r e ,  t h e  o p e r a t i o n  i n  G w i l l  b e  w r i t t e n  m u l t i p l i c a t i v e .  
S o  t h e  i d e n t i t y  i s  1 ,  n o t  0 .
F o r  T Z  Bg  g i n  <D G a n d  -for b e Fp *  , we d e f i n e  
g e G
[ ^  a g g ] b -  Y Z  * 8  (S|b> ’
g e G g e G
w h e r e  g b = g . g . . . . g  < b t i m e s  ) i n ( G , . ) = ( F q , + )
r e a l l y  m e a n s  g + g + . . . +  g b t i m e s  .
N o t i c e  t h a t  < a d d i t i v e l y  ) , Fq h a s  p - t o r s i o n  , s o  m u l ­
t i p l i c a t i o n  b y  b e Fp * m a k e s  s e n s e  .
We c a n  a l s o  d e f i n e  an  a c t i o n  o f  Fp*  o n  ® <D(?) . L e t  V
b e  i n  $ ( £ ) ( $ )  . T h u s  V = ^ < Ay  *  » w h e r e  A-  ^ e © ( ? )  .
X e G
P “  1
H e n c e  we c a n  w r i t e  A-v. = j  a^ , w h e r e  a- e G f o r
i  = 1
a l l  1 s i  s p - 1  .
F o r  b e Fp *  d e f i n e
[ YZ , A* * 3b * YZ j.fl* )b * -
\  e G y  e 6
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w h e r e  ( A-x ) -  £  » i  <bi
i  = 1
S i n c e  = 1 , ?b l  i s  w e l l  d e f i n e d  f o r  b € F *  .
L e t  cr  ^ d e n o t e  t h e  map i n d u c e d  b y  t h e  a c t i o n  o f  b e F *
o v e r  (D G. The n  i t  i s  e a s y  t o  c h e c k  t h a t  t h e  f o l l o w i n g  d i a g r a m
c o m m u t e s
(El G
ID G
4  E  $  G ( ? )  #  (D ( ? >
^b
-4 (D #  (D($) ® . . .  #  ©( £ )
As  a  r e s u l t  o f  t h i s  , we  g e t
( 2 . 8 ) Lemma; L e t  v a g  g i  n IDG , s u c h  t h a t  ^ ( v )  i s
g e G
i n v a r i a n t  u n d e r  Fp . T h e n  , f o r  a l l  g e G we h a v e
a . = a , f o r  a l l  b i n  F_
n u y F
p r o o f : By h y p o t h e s i s  we  g e t  y *  ( v )  = ( > k ' ( v ) ) D= ( v ) D ) ,
f o r  a l l  b e f p * -  T h u s  v  = ( v ) b , s i n c e  i s  i n j e c t i v e
H e n c e  , we  c a n  w r i t e
C o m p a r i n g  c o e - f f i c i e n t s  i n  b o t h  s i d e s  g i v e s
a b = a , - for a l l  g e G . 
g  y
T h u s  t h e  l emma i s  p r o v e d  . □
5 .  SOME CONDITIONS FOE MINIMALITY .
Now t a k e  < G , . ) = ( F^ , + ) . N o t e  t h a t  t h e  o p e r a ­
t i o n  i n  Fq i s  a d d i t i o n  , b u t  i n  t h e  g r o u p  r i n g  , we c a l 1 t h e  
o p e r a t i o n  i n  Fq m u l t i p l i c a t i o n .  S o  0  i n < Fq , + ) b e c o m e s
1 i n  ( G , . ) .
We w i l l  c o n s i d e r  a  f u n t i o n  -f : G ---------------------- C 0 ,  1 ,  - 1  3
s u c h  t h a t  I -f <j;) | = 1 , f o r  >: ^  0  , a n d  f  ( 0 )  = 0  . We h a v e
s e e n  i n  C h a p t e r  1 , t h a t  f  i s  m i n i m a l  i f  a n d  o n l y  i f  i t  s a t ­
i s f i e s  t h e  f o l l o w i n g  " c o n d i t i o n  A "
“ 3 6 “
b)  I f  (X) I = | G | 1 / 2  = p n / 2  , -For a l l  X Xq .
We c a n  e x p r e s s  c o n d i t i o n  A i n  t e r m s  o f  e q u a t i o n s  i n  t h e  
g r o u p  r i n g  (El G b y  c o n s i d e r i n g  f  a s  an  e l e m e n t  i n  (El G .
f  =  ^ f  ( g ) . g
g e G
R e c a l l  f r o m  ( 2 . 7 )  t h e  i s o m o r p h i s m
i © G ------------------f © < + ) ©<?)  ( + ) . . . (  + ) © ( $ )  .
f  ------------------> < f ( x 0 >,  f ' Cx i )  , . . . , f ( x s ) ) .
w h e r e  X0 , Xj  , . . .  , Xs  a r e  a l l  t h e  r e p r e s e n t a t i  v e s  o f  t h e
c o n j u g a c y  c l a s s e s  o f  Gal  ( © ( £ )  : ©) .
The  f o l l o w i n g  r e s u l t  i s  d u e  t o  R . P e r l j s  .
( 2 . 9 ) Lemma : L e t  f  b e  a  m i n i m a l  f u n c t i o n  , a n d  X b e  a n y
c h a r a c t e r  on  G . The n  we h a v e
f  ( X) = ±  *  ( X) ,
w h e r e  i  i s  t h e  q u a d r a t i c  f u n c t i o n  .
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t h e o r y  . The  e l e m e n t s  f  ( ) ^  ) l i e  i n  Z ( ? )  , w h i c h  i s  t h e  r i n g
o f  i n t e g e r s  o f  t h e  c y c l o t o m i c  - f i e l d  (EM ?) . From c o n d i t i o n  A
we g e t
f  O q J . f  O q  ) = p n , >q t* K0  . ( 1 )
T h i s  e q u a t i o n  g i v e s  a  c o n d i t i o n  a t  t h e  l e v e l  o f  i d e a l s  
i n  (EMC) :
( f  O q )  > ( f  <>q)> = (p ) n ( 2 )
B u t  t h e  i d e a l  < p ) ,  g e n e r a t e d  b y  p , h a s  p r i m e  i d e a l  
d e c o m p o s i  t i  on
<p> = < 1 -  ? >P“ 1 . ( 3 )
From ( 2 )  a n d  ( 3 )  , a n d  t h e  u n i q u e n e s s  o f  p r i m e  i d e a l
f a c t o r i s a t i o n  we c o n c l u d e  t h a t  t h e  i d e a l s  ( f  (>q ) )  a n d
< f  ( > q ) , c a n  b e  f a c t o r e d  i n t o  p o w e r s  o f  ( 1 -  % > n a m e l y
( f  <>q > ) = ( 1 -  i  ) k , a n d  ( f  (>q ) = ( 1 -  ? ) ,
w h e r e  k + 1 = n ( p —1) . A l s o  o b s e r v e  t h a t
[  f  O q )  ] = ( F f X i )  ) = < 1 -  « >k
= ( 1 -  C ) k = ( 1 -  S ) k .
From t h i s  we c o n c l u d e  k = 1 = n ( p - l ) / 2  , w h i c h  i m p l i e s  
< f  ( X j ) )  = < 1 -  € ) n ( p - l ) / 2  ? f Q r  -x . ^  ( 4 )
T h e  s a m e  a r g u m e n t  w o r k s  f o r  t h e  q u a d r a t i c  f u n c t i o n  J1 ,
i n  w h i c h  c a s e  we o b t a i n
& Cx^) )  = ( 1 -  i  ) n ( p - 1 )  ^ f o r  Xi  5* X(-, >
From ( 4 )  a n d  ( 5 )  we  g e t  : ( f  ( X j )> = < ® ( X j >) w h i c h
i m p l i e s  : f  (X-  ^ > a n d  i  (X^ ) a r e  a s s o c i a t e d  . T h u s  t h e y  a r e
e q u a l  up t o  a  u n i t  u i n  ID G
f  <Xj ) = li i  (Xi  ) ( 6 )
By K u m m e r ' s  l emma , t h e  u n i t s  i n  (EH a r e  o f  t h e  f o r m  
p £ k , f o r  s o m e  r e a l  u n i t  p a n d  s o m e  p o s i t i v e  i n t e g e r  k .
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T a k i n g  a b s o l u t e  v a l u e s  i n  ( 6 )  g i v e s  | u I = 1 . H e n c e  p = ±  1
T h u s  ( 6 )  b e c o m e s
f  > = ±  S' ( ) , - for a l l  'xj t6 X,-, - ( 7 )
T h e  n e x t  s t e p  w i l l  b e  t o  p r o v e  k = 0  
W i t h o u t  l o s s  o f  g e n e r a l i t y  , we may a s s u m e  t h a t  t h e  s i g n
i n  ( 7 )  i s  p o s i t i v e  . F o r  X i n  t h e  d u a l  o f  G , t h e r e  i s  an  
e l e m e n t  i n  G , s a y  a  , s u c h  t h a t  :
t r ( a x )
'X ( x )  -  t  , f o r  a l l  x i n  6  .
D e f i n e  Ai  = [__ t f ( g )  , OS i  5 p - 1
t r ( a g ) = i
T h u s  we g e t
p - 1
f  (X) = . EZ . A: c 1
S i m i l a r l y  , we  h a v e
Y— '
w h e r e  = £__ t 5  ( g )
t r ( a g ) = i
T h u s  ( 7 )  b e c o m e s
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p - 1  p - 1
A4 f 1 = . L - ?  B i  C1
1 = U  1 1 = o
p - i
= C  B: € 1+k
i  =0  1
M a k i n g  i + k  = j  , i n  t h e  l a s t  sum , p r o d u c e s
From t h i s  we g e t
p - 1  _ p —1
. C  A i  C1 +  A0  =  , C  A j _ k +  B.
U s i n g  t h e  - f a c t  1 + $ + ?2 + . . . + §P_1 = 0  , g i v e s
p - 1  p - 1  p - 1  p - 1
C  A,  C1 -  A n  ( C  I 1 ) =  C  B ? J —B_ i ,  < C  C1 ) 
i = l  1 u i  = 1 i  = j  J K K 1 = 1
T h u s  , a f t e r  c o l l e c t i n g  a l l  t e r m s  i n  o n e  s i d e  we o b t a i n
tAi "  A0 “  ( Bi - k  "  B-k>  = 0 C8>
o  n _1N e x t  , o b s e r v e  t h a t  t h e  e l e m e n t s  
a r e  l i n e a r l y  i n d e p e n d e n t  i n  Z ( ? )  . As  a r e s u l t  , we  c o n c l u d e
A 1 ~  A0  “  B l - k  B--k
( 9 )
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Ap - 1  “  A0  ~  Bp - l - k  ~  B-
A d d i n g  up t h e s e  p - 1  e q u a t i o n s  g i v e s
p - 1  p - 1
C  Ai -  p A,-, = C  -  p B_i ,  . ( 1 0 )i =r» I n —A 11 -0
U s i n g  t h e  c o n d i t i o n  $  ()Co> = f  ~ (-’ > g i v e s  u s
p - 1  p - 1C  A ,  =  C  B :  =  0 ( 11)
i  -  0  1 i  = 0
From ( 1 0 )  a n d  ( 1 1 ) ,  i t  - f o l l o w s  t h a t  A(-, = B_ .^._
F i n a l l y  , t o  p r o v e  t h a t  k = 0  , we d i s c u s s  t h e  p a r i t y  o f
A,-, a n d  B_^;. . N o t i c e  t h a t  A,-,, i s  a  sum o f  p n * t e r m s  o f  t h e
f o r m  f  ( g )  , a l l  o f  w h i c h  a r e  e i t h e r  1 o r  - 1  , e ; ; e p t  f o r  f  ( 0 )
w h i c h  i s  e q u a l  t o  0  . T h u s  A,-, i s  e v e n  .
S i m i l a r l y  , B_ .^. i s  a sum o f  p n t e r m s  e a c h  o f  t h e m  b e i n g
1 o r  —1 ■ T h u s  B_j,  i s  o d d  i f  k 0  .
T h e r e f o r e  AQ ?*■ B_|., i f  k 5*' 0  w h i c h  i s  a  c o n t r a d i c t i o n  
T h a t  e n d s  t h e  p r o o f  . □
—4 2 —
( 2 .  1 0 )  C o r o l  l a r v : L e t  f  b e  a  m i n i m a l  - f u n c t i o n  , t h e n  t h e r e
e x i s t s  a  - f u n c t i o n  p  : G ------------------'? -C 1 ,  - 1  3- , s u c h  t h a t
i )  f ( g )  = p ( g )  i  ( g )  , f o r  a l l  g i n  G
i i )  p  ( b g )  = p  ( g )  , - for b i n  (Tp* a n d  g i n  G .
p r o o f  s F i r s t  , o b s e r v e  t h a t  f ( g )  = ±  $  ( g )  , f o r  a l l  g i n  G
s i n c e  f  a n d  g t a k e  t h e  v a l u e s  1 o r  - 1  , e x e p t  f o r  f ( 0 )  — 5 ( 0 )
w h i c h  i s  0  . T h u s  , t h e r e  e x i s t s  a  f u n c t i o n
p  : G  » -C 1 ,  - 1  3
s u c h  t h a t  f  ( g )  -  p  ( g )  5  ( g )  , f o r  a l l  g i n  G
I t  r e m a i n s  t o  s h o w  p  i s  c o n s t a n t  o n  t h e  l i n e s  .
C o n s i d e r  t h e  i s o m o r p h i s m  ■>k/  , g i v e n  i n  ( 2 . 7 )  . From t h e
l emma ( 2 . 9 )  i t  f o l l o w s  :
y ' ( f >  = £ ^ ( S )  ( 1 )
w h e r e  £ = ( 1 ,  £ j . . .  £s ) , £^ e -Cl, - 1 3  1 $ i  S s .
w i t h  £  ^ — ±1 , 1 S i  i s  .
A p p l y i n g  on  b o t h  s i d e s  o f  ( 1 )  , g i v e s
w h e r e  u = y 7 * ( s )  i s  a n  e l e m e n t  i n  (B G.
N o t i c e  t h a t  s i s  i n v a r i a n t  u n d e r  F p *  . T h e n  u i s  a l s o
i n v a r i a n t  u n d e r  F p * .  T h e r e f o r e  b y  l emma  ( 2 . 8 )  we h a v e
u (  b g )  = u ( g )  , f o r  a l l  g i n  G , a n d  b i n  Fp *
L e t  g e G , t h e n  f r o m  e q u a t i o n  ( 2 )  , i t  f o l l o w s
f  ( g ) -■ u *  $  (g )
I    u ( h )  $  ( h - g  )
h e G
S i m i l a r l y  , f o r  b i n  Fp*
f  ( b g  ) = u *  5  ( b g  ) = C u (  h ) 4  ( h — bg  )
h e G
> u ( bh ) $  ( bh -  bg  ) ,
h e G
[ ) ' u ( h )  4  ( h - g  ) J $  ( b )  ,
h e G
= f ( g ) $  (b)
T h u s  P ( b q )  = * • ( b q ) =
5  (bg> 4- ( g )  4> (b)
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= -f <a)
$  <g)
= p  ( g )  ,
a n d  t h a t  e n d s  t h e  p r o o f  . □
CHAPTER 3
GROUPS ACTING ON THE SET OF MINIMAL FUNCTIONS
1.  INTRODUCTION
L e t  G = F , w h e r e  q = p n . L e t  d e n o t e  t h e  s e t  o fH
• f u n c t i o n s  -f : G-------------------- ¥ 1 0 ,  1 ,  - 1  } , s u c h  t h a t  f  ( 0 )  = 0
an d  | -f (:•:) | = 1 , - for  0  . L e t  )Tlj b e  t h e  s u b s e t  o-f c o n ­
s i s t i n g  o-f a l l  f u n c t i o n s  f  i n HI o f  t h e  f o r m  p .  $  , w h e r e  3' i s
t h e  q u a d r a t i c  f u n c t i o n  o n  G , a n d  p i s  a  f u n c t i o n  on  G w i t h
v a l u e s  ±  1 s a t i s f y i n g  p (c : : )  = p (;•:) f o r  a l l  >: i n  F^ a n d  a l l
c  i n  Fp ( We s a y  " p i s  c o n s t a n t  o n  t h e  l i n e s  " ) .
( 3 . 1 ) D e f i n i t i o n  : F o r  a n y  f  i n  ffl t h e  m i n i m a l i t y  c o n d i t i o n s
on  f  a r e  g i v e n  b y  :
a )  f  Cx0 ) = 0  , b )  | f  Cx) | = q 1 / ^ , f o r  y  t6 >£q.
T he  s e t  o f  m i n i m a l  f u n c t i o n s  d e n o t e  b y  III,-,, i s  t h e  s u b s e t .
o f  fll , w h o s e  m e m b e r s  s a t i s f y  t h e  m i n i m a l i t y  c o n d i t i o n s  .
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By c o r o l l a r y  2 . 1 0  o-f c h a p t e r  2  we h a v e
m0 c. nij c m .  ( i )
Remark : In  g e n e r a l  , we d o n ' t  h a v e  e q u a l i t y  i n  ( 1 )  . As an
e x a m p l e  c o n s i d e r  G = ( F 9 , + )  = ( F 3 , + )  x < F3 , + )  , w h o s e
e l e m e n t s  a r e  l a b e l e d
a  — ( O d U ) a ^  = ( 0 , 1 ) a 3 — ( 0 , 2 )
a 4 = ( 1 , 0 ) a 5 = ( 1 , 1 ) a 6 = ( 1 , 2 )
a 7 = ( 2 , 0 ) a s  = ( 2 , 1 ) a 9 = ( 2 , 2 )
P u t  -fj ( a j  a 9 > = < 0 , - 1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 )
f 2 < ?■■■» a 9 ) -  ( 0 , 1 , 1 , 1 , 1 , 1 , 1 , - 1 , - 1  )
*^ 71;  ^ a  a 9 ) — ( 0 , 1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 )
T hen  -f  ^ i s  i n  m b u t  n o t  i n  B)j , -f2  i s  i n  JIl^  bLlt n o t  i n
m,-, . T he  o n l y  m i n i m a l  - f u n c t i o n  among t h e m  i s  -f3 .
We w a n t  t o  d e t e r m i n e  t h e  c o n d i t i o n s  u n d e r  w h i c h  a  - f u n c ­
t i o n  i n  mj i s  i n  Wl,-, .
2 .  GROUP ACTION ON ffl .
T h e r e  a r e  s e v e r a l  g r o u p s  a c t i n g  on  t h e  s e t  HI. T he  - f i r s t  
g r o u p  t o  d e s e r v e  o u r  a t t e n t i o n  i s  t h e  g e n e r a l  l i n e a r  g r o u p  
GL.n ( F p > , w h o s e  e l e m e n t s  a r e  Fp - 1  i n e a r  i n v e r t i b l e  maps
<y : G ------------------ f  G .
T h e  g r o u p  GLn ( Fp ) a c t s  on  G a s  - f o l l o w s  :
• for "x i n  G a n d  c  i n  GL_n ( Fp ) d e - f i n e
-X* <g) = X ( cr < g ) )  , - for g i n  G .
I t  i s  e a s y  t o  c h e c k  t h a t  t h e  map 'x*7 i s  a  c h a r a c t e r  on  G.
( 5 .  1) Lemma : T h e  g r o u p  GI_n (F p ) a c t s  o n  t h e  s e t  o-f m i n i m a l  
f u n c t i o n s  Bfy-, b y
( f ) c r = f  c r ,  f o r f  i n  Kfl,-, a n d  <r i n  GL_n ( Fp ) .
p r o o f ; L e t  f  b e  i n  a n d  cr i n  GLp (F p ) we w a n t  t o  s h o w
t h a t  t h e  c o m p o s i t e  f u n c t i o n  h = f  cr i s  a  m i n i m a l  f u n c ­
t i o n .  T h u s  we n e e d  t o  c h e c k  t h e  t w o  m i n i m a l i t y  c o n d i t i o n s .
We h a v e  : h = f  c  , s o
V— ' V— '
h < X(-)) = i____( f  < cr ( g ) ) = 2__ . "f < 9 )  = o  ,
g 6 G g e G
s i n c e  cr ( g )  r u n s  o v e r  a l l  o-f G a s  g r u n s  o n  G.
T h u s  t h e  f i r s t  c o n d i t i o n  i s  s a t i s f i e d  .
To s h o w  t h e  s e c o n d  p a r t  , t a k e  X ^  'x0 i n  G - Then
I h (X ) | = | I_J f  ( cr ( g ) ) X ( g ) I
9 e G
== I I  J f  ( g ) ’x  (■ tr * ( g  ) ) I
g  e G
=  I f  ( X *  S I =  p n / 2  ,
s i n c e  f  i s  m i n i m a l  a n d  x°" t* 'x(-, .
T h a t  e n d s  t h e  p r o o f  .
( 5 . 2 )  Lemma : L e t  I JCflf-, | d e n o t e  t h e  n um b e r  o f  m i n i m a l  f u n c t i o n
on  F q . T hen  : 2  S I WIq I i  2 s  , w i t h  s  -  <pn - l ) /  ( p - 1 ) .
p r o o f  : We h a v e  s h o w n  t h a t  t h e  q u a d r a t i c  f u n c t i o n  a n d  i t s
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n e g a t i v e  a r e  m i n i m a l  - f u n c t i o n s  . T h u s  2  i  I K\-, I .
On t h e  o t h e r  h a n d  , e v e r y  m i n i m a l  - f u n c t i o n  l o o k s  l i k e  
f  = p  $  , w h e r e  p i s  ±  1 - f u n c t i o n  c o n s t a n t  on  t h e  l i n e s  - S o
a n y  f u n c t i o n  f  i s  d e t e r m i n e d  b y  t h e  v a l u e s  o f  p  on  t h e  s  d i f ­
f e r e n t  l i n e s -  S i n c e  p  c a n  t a k e  o n l y  t w o  v a l u e s  ±1 a t  e a c h  o f
t h e  l i n e s  , t h e r e  a r e  a t  t h e  m o s t  2 s  d i f f e r e n t  c h o i c e s  f o r  p 
an d  t h u s  f o r  f .  □-
I f  we l e t  G = G l n ( F p )  a c t  on t h e  q u a d r a t i c  f u n c t i o n  41 ,
t h e  s i z e  o f  t h e  o r b i t  i s  g i v e n  by
I G -  o r b i t  o f  i  | = --------- -------------- .
I S t a b  $  |
H e r e  , S t a b  £ = { o - e G | $ c r = 3 ?  3 -  C s e G  s u c h  t h a t
<y ( s q u a r e  ) = s q u a r e  3- .
E-iy J a c o b s o n  , c h a p t e r  7  C J 3 , t h e  o r d e r  G = Gl_n ( F^)
i s
I G | = ( p n - 1 )  ( p n -  p)  < p n -  pH""1 ) .
To f i n d  t h e  o r d e r  o f  S t a b  i  i s  m o r e  d i f f i c u l t  t h a n  o n e
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m i g h t  e x p e c t  . I t  i s  e a s y  , h o w e v e r  , t o  i d e n t i f y  a  l a r g e
s u b g o u p  i n s i d e  o f  t h e  s t a b i l i s e r .
L e t  tH d e n o t e  t h e  d i r e c t  p r o d u c t  o f  F * ~ " x  Gal  ( F0 /  F ^ ) .LJ l_j p
( 5 . 5 )  Lemma IH i s  a  s u b g r o u p  o f  S t a b  5  .
p r o o f : T h e  e l e m e n t s  o f  IH a r e  o f  t h e  f o r m  c f 1 w i t h  c a  n o n ­
z e r o  s q u a r e  i n  F a n d  f  a  f i e l d  a u t o m o r p h i s m  o f  F . We n e e dH 4
t o  s h o w  t h a t  c . f  s e n d s  s q u a r e s  t o  s q u a r e s  .
L e t  = y ^  w i t h  y =* 0  . Then  c . < f  (:•:) = c .  ( f t y ) ) " -  , a n d  
t h a t  p r o v e s  t h e  c l a i m .  □ .
Remark : We h a v e  f o u n d  b y  n u m e r i c a l  c o m p u t a t i o n s  t h e  o r d e r  o f
S t a b  1  , f o r  t h e  f i e l d s  F ^ ,  F25  ; F49  » IF’l 6 9  ’ IF2 8 9  ’
F27 , ^ 1 2 5  a n d  *^545 i n  t h e s e  c a s e s  w e r e  g i v e n  b y  t h e  f o r m u l a
I S t a b  $  | = P-- - ~ 1 n ( 2 )
A l s o  , f o r  n = 1 a n d  p a r b i t r a r y  , t h e  a b o v e  f o r m u l a  i s
i s  o b v i o u s l y  t r u e  .
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T h e r e f o r e  we  h a v e  i n  t h e s e  e x a m p l e s  |S t .a b  $  I = | IH | .
We c o n j e c t u r e  t h a t  S t a b  $  = IH a l w a y s  . An e q u i v a l e n t  
■ f o r m u l a t i o n  o f  t h i s  c o n j e c t u r e  i s  :
C o n j e c t u r e : I f  cr e GL..n ( Fp ) s a t i s f i e s  cr ( 1 )  = 1  , cr ( s q u a r e
i n  Fq ) = s q u a r e  i n  , t h e n  cr ( ::y ) = c  (:•:) cr ( y )  .
U s i n g  f o r m u l a  2  i n  ( 1 )  , we c a n  g e t  t h e  s i z e  o f  t h e  o r b i t
o f  5  f o r  t h e  f i e l d s  F27  , ^ 1 2 5  ’ anc* *^343 ■ The s e  v a l u e s  a r e  
2 8 9 ,  9 6 0 0  , a n d  6 5 8 5 6  .
Comment : M c G e h e e  h a s  f o u n d  b y  c o m p u t e r  m e t h o d s  t h a t  t h e r e  
a r e  e x a c t l y  2 8 8  m i n i m a l  f u n c t i o n s  f o r  t h e  f i e l d  IF-py. In t h i s
c a s e  a l l  m i n i m a l  f u n c t i o n s  l i e  i n  t h e  GL^ ( F - ^ l - o r b i t  o f
3 .  EVEN DEGREE EXTENSIONS
In  t h i s  s e c t i o n  w e  d e v o t e  o u r  a t t e n t i o n  t o  f u n c t i o n s  
o v e r  Fp n w h e r e  n i s  e v e n  .
From now on  G i s  t h e  g r o u p  ( Fp n , +  > n i s  e v e n  .We
c o n s i d e r  G a s  a  v e c t o r  s p a c e  o v e r  Fp . By a  l i n e  i n  G, we mean
L e t  £  b e  t h e  g r o u p  o-f a l l  i n v e r t i b l e  m a p s  & o n  G t a k i n g  
h y p e r p l a n e s  t o  h y p e r p l a n e s .
( 3 . 4 )  Lemma : L e t  C Xj , . . .  , x s  3- b e  r e p r e s e n t a t  i  v e s  o f  t h e
l i n e s  i n  G o v e r  IFp . L e t  f  b e  i n  JXl^  . T h e n  f  i s  m i n i m a l  i f  
a n d  o n l y  i f
p r o o f  : S i n c e  f  i s  i n  fflj , we h a v e  f ( x )  = p ( x )  $ ( ; • : ) ,  f o r  
a l l  x i n  G . Now G i s  a n  e x t e n s i o n  o f  fFp o f  e v e n  d e g r e e  a n d  
t h e r e f o r e  t h e  e l e m e n t s  i n  (Fp a r e  s q u a r e s  i n  G . From t h i s  we
o b t a i n  : £■ ( e x )  = $ ( x )  , f o r  a n y  c  i n  Fp *  a n d  a n y  x i n  G
T h i s  i m p l i e s  t h a t  f  i s  c o n s t a n t  on  t h e  l i n e s  o f  G.
N e x t  a s s u m e  t h a t  f  s a t i s f y  t h e  m i n i m a l i t y  c o n d i t i o n s
x 1
b) Pn / 2 -1 f o r  a l l  X ^  \ C)
^e Ker  X
( 3 . 1 )  . Then
O = 4 <v0 ) }  ’ - f ( g )  = C  I __ ___
g e G  i  = 1 c  e F *
■f (c>:  ^ )
= (p -  1 )
From t h i s  we g e t  a )
r:
i  = 1
To s h o w  b)  , t a k e  a  c h a r a c t e r  X 7s Xo» T hen  we h a v e
pn/^.  _  | ^ ' f ( g )  X ( g )
g e G
)  * f  (>4 ) X ( c x i  )■■ i ■ * X »' "■" ■ * v X
i  = 1 c e F„
N o t i c e  t h a t
r . f p - 1  i-f e Ker  X
) X ( c x ’ ) = (L— . 1 L -1  o t h e r w i s e  .
c  e if;
T h u s  we o b t a i n
p H / ^  = I ( p - 1 )
^ 6  KerX i  ^  K'erX
f  ( K j )
U s i n g  p a r t  a )  we g e t
T Z  t ( x i >
>: j £  KerX
t O , i >
x^ e KerX
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T h e r e f o r e
Pn / 2 f  (>4 )
i  e K e r X
From t h i s  i t  - f o l l o w s
P < n / a ) —1
>4 e K e r X
f o r  a l  1 X 5^  X c .
C o n v e r s e l y  , t h e  m i n i m a l i t y  c o n d i t i o n  ( 3 . 1 )  f o l l o w s  i m ­
m e d i a t e l y  f r o m  a )  a n d  b ) .  T h u s  t h e  p r o o f  i s  c o m p l e t e .  □-
( 5 . 5 )  Lemma : T h e  g r o u p  £  a c t s  on t h e  s e t  JTI,-, o f  m i n i m a l  
f u n c t i o n s .
p r o o f  : L e t  f  6 HI,-, anti  cr € £  . We w a n t  t o  s h o w  t h a t  fcr s a t ­
i s f i e s  t h e  c o n d i t i o n s  o f  l emma ( 3 . 4 ) .
In  t h e  f i r s t  p l a c e  a s  >4 r u n s  o v e r  r e p r e s e n t a t i v e s  o f
t h e  s  l i n e s  , s o  d o e s  cr ( >4 ) . T h u s
C
o
i = 1 j  = i
H e n c e  a )  i s  t r u e
To s h o w  b)  , t a k e  a  c h a r a c t e r  X ?*' 'x(-,. Then
i y z . f }y 1 = 1 YU * <;:j > 1
 ^ e Ker'x j  e o-(k'erv)
= I ^  -f ()•:j )  | = p n / 2 —1 
j  6 K e r X '
w h e r e  X'  = cr X
T h e r e f o r e  b)  i s  a l s o  t r u e  , a n d  t h a t  e n d s  t h e  p r o o f .  □ .
Now c o n s i d e r  t h e  s m a l l e s t  v a l u e  o-f t h e  e v e n  i n t e g e r  n : 
n = 2 .
T h e  e l e m e n t s  o-f £  a r e  a l l  m a p s  t a k i n g  l i n e s  t o  l i n e s .  
T h u s  | £  | = s ! w h e r e  s  = E —  = p + i  i s  t h e  n um ber  o f
p -- 1
l i n e s  i n  FFp z  .
A l i n e  Fp .:'.j i s  s a i d  t o  b e  p o s i  t i  v e  i f  i s  a  s q u a r e
i n  Fq , o t h e r w i s e  i s  s a i d  t o  b e  n e g a t i v e  .
T h e r e  a r e  s / 2  p o s i t i v e  l i n e s  a n d  s / 2  n e g a t i v e  l i n e s  . 
T he  s t a b i l i s e r  o f  4  c o n s i s t s  o f  t h o s e  m a p s  cr t a k i n g  p o s i t i v e
l i n e s  t o  p o s i t i v e  l i n e s  a n d  n e g a t i v e  l i n e s  t o  n e g a t i v e  l i n e s .  
T h u s  we g e t  | s t a b  5  | = ( s / 2 ) ! ( s / 2 ) ! . H e n c e
I £ .  S  I = - ~  l -£  I
S t a b  1  I ( s / 2 ) ! ( s / 2 ) !
= b i n o m i a l  c o e f f i c i e n t  [  s / 2. ]■
We w i l l  s e e  t h a t  t h e  n um b e r  [ s / £ J i s  e q u a l  t o  I )!l0
•for t h e  - f i e l d  Fp z
(ZLfc) P r o p o s i t i o n  : L e t  G = Fp 2. , a n d  l e t  -f b e  a  - f u n c t i o n
on ))'!(•■). T h e n  -f i s  m i n i m a l  i f  a n d  o n l y  i f
s
y ' f  (:■!, > = 0 . ( 1 )
i = 1
p r o o f  : By t h e  p r e v i o u s  l emma , i t  i s  e n o u g h  t o  s h o w  t h a t  f o r
a n y  c h a r a c t e r  X t6 X(-)5 c o n d i t i o n  b)  h o l d s  . S i n c e  X 7* XQ we
s e e  t h a t  d im  K er  X = 1 , s o  t h e r e  i s  o n l y  o n e  l i n e  i n  Ker  X ,
s a y  K er  X = F p .  ^ . T h u s  we h a v e
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T h i s  p r o v e s  b)  o-f t h e  l emma 3 . 4 .  □ .
( 3 . 7 )  C o r o l l a r y  : T h e  n u m b e r  o-f m i n i m a l  - f u n c t i o n s  f o r  Fp z  
i s  g i v e n  b y
1 %  1 = [  s / 2. ]  ’ w i t h  s  = p +1
p r o o f  ; L e t  j >:s  b e  t h e  r e p r e s e n t a t i  v e s  o f  t h e  l i n e s  i n
Fp t  . A f u n c t i o n  o n  c a n  b e  t h o u g h t  a s  a  s - t u p l e
( f ( ; ; ^ )  , . . .  , f  <xs > ) w i t h  f  ( x j  > = ±  1 . C o n d i t i o n  ( 1 )  i n
3 . 6  t e l l  u s  t h a t  t h e  n u m b e r  o f  l ' s  i n  t h e  s - t u p l e  i s  t h e  s a m e  
a s  t h e  n u m b e r  o f  - l ' s  . T h u s  t h e  n u m b e r  o f  l ' s  i s  ( p + l ) / 2 .
O b s e r v e  t h a t  e v e r y  f u n c t i o n  f  i s  c o m p l e t e l y  d e t e r m i n e d
o n c e  we  c h o o s e  t h e  p o s i t i o n  o f  t h e  l ' s  i n  t h e  s - t u p l e .  T he  
r e m a i n i n g  p o s i t i o n s  a r e  t h e n  f i l l e d  b y  - l ' s .  T h e r e f o r e ,  t h e r e
a r e  jf B / z  ]  d i f f e r e n t  w a y s  t o  c o n s t r u c t  t h e  s - t u p l e  . □ .
Remark : U s i n g  t h e  s a m e  a r g u m e n t  a s  i n  t h e  l a s t  p r o o f  , 
o n e  o b t a i n s  f o r  a r b i t r a r y  e v e n  n
R e m a r k s  1) F o r  n = 2  a n d  p > 1 7 ,  i t  i s  e a s y  t o  s h o w  t h a t
I GL2 ( Fp ) | = ( p 2 -  1 ) (  p 2 -  p ) < [  <p + t ) / z  ]■
T h u s  , t h e  g r o u p  GL>? (Fp ) d o e s  n o t  a c t  t r a n s i t i v e l y  f o r  
p > 1 7 .
2 )  We d i d  n u m e r i c a l  c o m p u t a t i o n s  t o  f i n d  t h e  s i z e  o-f t h e  
G l 2 <Fp ) -  o r b i t  o-f 4  - for  p = 3 ,  5 ,  7 ,  1 1 , 13  a n d  17  ( s e e
p a g e  5 0  ) .  We o b t a i n e d
IGl_2 ( F p ) . I < [  ( p + j ^ / a .  ]  » - for P = 7 ,  1 1 ,  13  and  17 ,
a n d
|GL2 ( F p ) . $  | = [  ] »  'f D r  p = 3 an d  5 ■
C o m b i n i n g  t h e s e  r e m a r k s  , we c a n  s a y :
T he  g r o u p  GL2 ( F p > a c t s  t r a n s i t i v e l y  on  t h e  s e t  o f  m i n i - -
m a l s  f o r  p = 3  a n d  5 ,  a n d  i n t r a n s i t i v e l y  f o r  p 1 7 .
L e t  F = F 2.m. T h e n  F h a s  a s u b f i e l d  K s u c h  t h a t  CF:KD -
2  n a m e l y  , K = Fpfn . We c o n s i d e r  F a s  a  K - v e c t o r  s p a c e .  L e t  
y .^ b e  r e p r e s e n t a t i  v e s  o f  t h e  K - l i n e s  t h r o u g h  t h e
o r i g i n  . T h e  n u m b e r  t  o-f t h e s e  l i n e s  i s  t  = (p zm- l ) /  ( p m- l ) .
( 3 . 8 )  Lemma : L e t  y  b e  a n y  a d d i t i v e  c h a r a c t e r  on  F .  The n  
t h e r e  e x i s t s  a n  e l e m e n t  y^ i n  { y j  y^> s u c h  t h a t  :
i )  | K er  y  Fl K . y ,  I = p m a n d
A 0
i i )  I Ker  y  n  K . y A I = p ™'"1 ,
•for a l l  IS  i  S t  a n d  a l l  i.  i  n .0
p r o o f  : D e n o t e  b y  Tr t h e  a d d i t i v e  t r a c e  h o m o m o r p h i s m
T r  : F ------------------?■ K
G i v e n  a  c h a r a c t e r  y  o f  (F , +  ) , we c a n  f i n d  an  e l e m e n t
c i n  F s u c h  t h a t  y  ( x ) =  t r p  /  ^  ( e x  ) = t r ^ / j p  < Tr ( c x )  )
= t r | p  {- Tj. ( x ) )  , f o r  a l l  x i n  F , w h e r e
Tc ( x )  = Tr ( c x ) f o r  x i n  F.
S i n c e  Ker  Tr i s  a  s u b g r o u p  o f  Ker  y  . T h u s  we  h a v e  a
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c o s e t  d e c o m p o s i t i o n  - for  Ker  X :
Ker  X = U a  + Ker Tc , ( 1 )
w h e r e  t h e  e l e m e n t s  a  a r e  i n  a  s e t  A o f  r e p r e s e n t a t i v e s  o f  c o ­
s e t s  .
To s h o w  i )  , we u s e  t h e  f a c t  t h a t .  Ker Tc c o n s i s t s  o f  a
u n i o n  o f  K - l i n e s  . S i n c e  dirn .^- ( Ker  Tc ) = 1  , we c o n c l u d e
Ker  T_ = K . ' / i  , f o r  s o m e  1 S i  £ t  . T h e r e f o r ec ' 1 o 0
mI Ker  X H K . y i I = I K . y ,  I -  I K  I = p
X O A 0
T h a t  s h o w s  p a r t  i ) .
To p r o v e  t h e  s e c o n d  p a r t .  , l e t  i  i  , t h e n  f r o m  ( 1 )
we p e t
Ker X H K . y j  I = C  | ( a  + Ker  T_ ) fl K . y :  | .  ( 2 )
1 a  e A c  1
We c l a i m  t h a t  | ( a  + K e r T c ) n  Ky.j_ I = 1 f o r  a l l '  i  i t 
F i x  a  i n  A . F i r s t  s u p p o s e  Tc  ( a )  ^  0  .
L e t  x-  ^ , Kj  b e  i n  ( a + K e r T c ) f"l K. y^ . T hen  we  h a v e  
Tc ( X j )  = Tc ( x j )  = Tc  ( a )  - A l s o  , t h e r e  e x i s t  e l e m e n t s  c  j
-61-
Cp in K such that  >! j = c^Yj ■ Combining these
facts  we get
Tc ( y ' l ) = C:1 Tc <yi> » and Tc (::2 ) “ c2Tc (y i >
From th is  i t  fol lows
C1 Tc (>'i) “ c2 Tc (Vi>
Since Tc <y^) j*' 0 , the las t  equation implies Cj = c r >
Thus  ^ = * 2  ,  and tha t  proves that
I ( a + Ker Tc ) fl K. y ^
when i i and a «£ Ker Tc . Next , suppose a e Ker Tc . Then
Tc (xj)  = Tc (x j )  = 0 . In th is  case  ^ = 0 = «2 ■
•'I Hence , | ( a + Ker Tc ) D K.y^ 1 for  a l l  a
and a l l  i t 6  i.
Going back to equation (2) , and using the claim already
proved , gives
I Ker Y fl Kyi I I K er  ~x I 
I Ker Tr I
, zm- 1 . m - 1
for  a l l  i t *  i
T h a t  - f i n i s h e s  t h e  p r o o f .
( 5 . 9 ) P r o p o s i t i  on  : L e t  F = Fp £m a n d  K = Fpm . L e t  K .y ^  b e
t h e  ( ( - l i n e s  o f  F , i  = 1 , . . .  , t  . Then  e v e r y  f u n c t i o n  f  o n  ICfl^
c o n s t a n t  o n  t h e  K - l i n e s  a n d  s a t i s f y i n g
t.
)  ' f ( y ± ) = 0  ( 1 )
i  = 1
i s  a  m i n i m a l  f u n c t i o n
p r o o f  : We w a n t  t o  p r o v e  t h e  m i n i m a l i t y  c o n d i t i o n s  3 . 1  o r  ,
e q u i v a l e n t y  t h e  t w o  c o n d i t i o n s  i n  lemma 3 . 4 .
L e t  j , . . . ,  >;s  b e  r e p r e s e n t a t i v e s  o f  t h e  F p - l i n e s  f o r
t h e  f i e l d  F . T h e n  i t  i s  c l e a r  t h a t  ( 1 )  i m p l i e s
f  (>:i  ) = 0
i  = 1
w h i c h  s h o w s  a )  i n  3 . 4  i s  t r u e
L e t  X 7*" X(-) b e  a  c h a r a c t e r  o n  F . T hen
-6 :
  ^ t
\  ’ *<>4 ) = < p - i  ) -1  Y ^ 2  f  ( v i J 1 K er  *  n  K- V i
 ^ e Ker'x i  = 1
(p -  I ) -1  [  -f (y^ ) p m + p m 1 )  f  (y^ ) ]
0 i  5* i  «
b y  lemma 3 . 8  .
By h y p o t h e s i s  we g e t
<___4 -f <yA > = -  - f <ye >
1 ^  i®
T h e r e - f o r e  we h a v e
I \  - M x . )  I = ( p - 1  J" 1 I -My* ) p m -  f ( y t ) Pf
L . 1 1 O 1 0
>46 Ker'y
= p m"-1 . T h e r e - f o r e  -f i s  m i n i m a l  b y  l emma 3 . 4  □
D e - f i n e  Po<K) = -C p e r m u t a t i o n s  cr : F*  ------------- > F*  t a k i n g
K - l i n e s  t h r o u g h  t h e  o r i g i n  i n  F t o  K - l i n e s  t h r o u g h  t h e  o r i g i n  
i n  F 3-. T hen  P-? (K.) i s  a  g r o u p .
L e t  t  b e  t h e  n u m b e r  o-f K - l i n e s  t h r o u g h  t h e  o r i g i n  i n  F.
Then
^ - ^ - 1  = p™ + 1sm 1
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a n d  t h e  o r d e r  o-f F ^ F )  i s  t ! [  ( p m -  1 ) !  3^", s i n c e  we c a n
p e r r n u t a t e  t h e  t  l i n e s  a t  w i l l ,  a n d  w i t h i n  e a c h  l i n e  we c a n
p e r m u t a t e  t h e  p m -  1 n o n - z e r o  e l e m e n t s  a t  w i l l .
( 3 . 1 0 )  C o r o l l a r y  : P2 <K) a c t s  on  tfij-, . T he  P-? (K> —o r b i t  o f  t h e
q u a d r a t i c  f u n c t i o n  c o n t a i n s  [ t / a  J e l e m e n t s .
p r o o f  : By ( 3 . 9 ) ,  F ^ d O  a c t s  om )1\-, . T h e  s i z e  o f  t h e  o r b i t  i s  
g i v e n  b y  :
i Po<K> I
| F ' o ( K ) - o r b i t  o f  $  I = ------ —---------------  ,
I S t a b  •! I
w h e r e  t h e  s t a b i l i z e r  o f  ■i c o n s i s t s  o f  t h o s e  m ap s  i n  P7 (K)
t a k i n g  s q u a r e  l i n e s  t o  s q u a r e  l i n e s  a n d  n o n - s q u a r e  l i n e s  t o  
n o n - s q u a r e  l i n e s .  T h u s
|F'<-i(K) -o rb it  of $ I = — ' —E— z A  * • 3-------------   = f  ^ I
( t / a ) !  ( t / a )  ! C ( p m- 1 ) ! 31 L t / a J
T h a t  e n d s  t h e  p r o o f .  □
Re m ark  ; F o r  n > 2  , t h e  a c t i o n  o f  £  on  Jfl0 i s  i n d u c e d  b y  
t h e  a c t i o n  f r o m  S l n (IF ) . F o r  , l e t  v  b e  a  c o l l i n e a t i o n  on
F . T h e n  b y  t h e  F u n d a m e n t a l  T h e o r e m  o-f P r o j e c t i v e  G e o m e t r y
( s e e  A r t i n  C h a p t e r  2 ,  C A 1 ) , t h e r e  e x i s t s  an i n v e r t i b l e
l i n e a r  map <P s u c h  t h a t  f  ( Fp . x  ) = c  ( F p . x ) ,  f o r  e v e r y
x i n  Fp n .
L e t  f  b e  a  m i n i m a l  f u n c t i o n  on  F'. We? w a n t  t o  s h o w
•fff' = . From ( 1 )  i t  f o l l o w s  t h a t  cr = 0 .  T' f o r  s o m e  p e r ­
m u t a t i o n  9  o f  F t h a t  f i x e s  l i n e s  . S i n c e  f  i s  c o n s t a n t  on
t h e  l i n e s  a n y  p e r m u t a t i o n  o f  t h e  e l e m e n t s  o f  e a c h  l i n e  d o e s
n o t  a f f e c t  t h e  v a l u e s  o f  f  . T h u s
f <  c r ( x ) )  = f  ( 0  ( <P(x))> = f  ( f ( x )  , f o r  a l l  x i n  F.
T h e r e f o r e  we h a v e  f ff -  f ^ .
We f i n i s h  t h i s  c h a p t e r  b y  s o l v i n g  a  c o n j e c t u r e  o f
M c G e h e e  w h i c h  s a y s  : f o r  a l l  n > 1 ,  | | > 2  . S e e  C M 1
In  f a c t  we s h o w  : f o r  a l l  n I 1 we h a v e  | JTlc, | 1 2 n .
We b e g i n  w i t h
( 3 . 1 1 )  Lemma: a )  T h e r e  i s  a  b a s i s  { V j . , v n > o f  Fp n o v e r
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Fp w i t h  e a c h  s q u a r e  i n  Fp n„
b)  T h e r e  i s  a b a s i s  C w j , . . . , w n 3- o-f Fp n o v e r  Fp w i t h  e a c h
w  ^ n o n  s q u a r e  i n  Fp n
p r o o f ; C o n s i d e r  t h e  s p a n  o-f a l l  s q u a r e s  S p a n  ( Fp n*""~ ) w h i c h
i s  a  s u b s p a c e  o f  Fp n . N o t i c e  t h a t
ISpan  ( Fn n ) I i  I Fn n *  | p n -  1 _ n — 1
T h e r e f o r e  i t  f o l l o w s  d im  ^  S p a n  ( Fpn*"") = n . From
t h i s  we  g e t  S p a n  ( Fp n *  ) = Fp n . T hen  a )  i s  p r o v e d  . A s i m ­
i l a r  a r g u m e n t  w o r k s  f o r  b ) .  □
( 5 . 1 2 ) C o r o l l a r v  : F o r  a l l  n a n d  a l 1 p | Jfy, | * 2 n .
p r o o f  ; L e t  B^ = - C v ^ , . . . ,  v R > b e  a  b a s i s  w i t h  v^ s q u a r e  i n  
Fp n a n d  l e t  B2 = Cwj wn 3- b e  a n o t h e r  b a s i s  w i t h  w  ^ n o n
s q u a r e  i n  F n . Then  b y  S t e i n i t s  e x c h a n g e  lemma g i v e n  a n y
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s e t  S  £ , w i t h  | S  | = s ,  t h e r e  e x i s t s  a  s e t  T £ B2 ,
w i t h  I T  I = s  , s u c h  t h a t  ( Bj K S)  U T  i s  a  b a s i s  o-f Fp n
N e x t  c o n s i d e r  a  n - t u p l e  c  = ( £^ , . . . , s p ) , w h e r e
e •[ 1 , w ^v^- i > a n d  d e f i n e  a F„ l i n e a r  map
^ c  : ^q  ^ ^q
v  • ■ 1 ■ 1 ■ ■ 1 S  • V  •
X fcl  v x
Then  *?c  e x c h a n g e  t h e  e l e m e n t s  o f  t h e  b a s i s  Bj  a n d  B-?
By S t e i n i t z  lemma t a k e s  a  b a s i s  i n t o  a n o t h e r  b a s i s  . T h u s
HPC i s  a l i n e a r  i n v e r t i b l e  map.
I f  $  i s  t h e  q u a d r a t i c  f u n c t i o n ,  i t  i s  c l e a r  t h a t
$  V,. i s  a  m i n i m a l  f u n c t i o n  . A l s o  n o t i c e  t h a t  f o r  t w o  d i f ­
f e r e n t  n - t u p l e s  c j  = < , . . . ,  £n ) a n d  C2  -  ( 5 ■>- ?  £n >
we h a v e  £^ 5^  £  ^ f o r  s o m e  i  . T h u s
S  ( HP- ( V: ) ) =  $  ( £.: v .  ) -  $  ( ) $  ( v H ) ,C  ^ 1 1 1  1 I 7
and
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4  ( 'f> ( v ,  ) ) = 4  ( V, ) = 4  ( e ,  ) 4  < V, )~ O * A A X X
S i n c e  4  ( e i ) ^  5  < £,• ) , we c o n c l u d e  4  <f_ ^  4  <?,_A A (« j L>r
Then we h a v e  2 n m i n i m a l  - f u n c t i o n s  o-f t h e  -form 4  . T h a t
• f i n i s h e s  t h e  p r o o f . □ .
Remark.: T h e  2 n p a i r w i s e  d i s t i n c t  m i n i m a l  - f u n c t i o n s  c o n s t r u c t ­
e d  a b o v e  l i e  i n  t h e  GL_n ( F p ) - o r b i t  o f  t h e  q u a d r a t i c  f u n c t i o n  
T h u s  we  h a v e  a c t u a l l y  s h o w e d  t h a t
■ GLn < E-p > I ,
I S t a b  ( 4  ) | '
I GLn ( F n > 1 Z J  r n n .  n i
H e n c e  I S t a b  4  | 5 -------- ^ ---- &
T h i s  t o g e t h e r  w i t h  l emma ( 3 . 3 )  g i v e s
n —1
[  ] n £ I S t a b  4  | 4 TT [ P- ~  p l  ] .
And o u r  c o n j e c t u r e  ( s e e  p a g e  5 1 )  i s  t h a t  t h e  l e f t - h a n d  
s i d e  i n e q u a l i t y  i s  a c t u a l l y  e q u a l i t y .
APPENDIX
PROGRAM F I E L D 19
F r a n c i s c o  R i v e r o  6 - 1 1 - 8 7 .
R u n n i n g  t i m e  6 h r s  2 5  mi n .
p r o g r a m  f i e l d l 9 ;
t y p e  c o o r d  — ARRAYC 1.  . 171  3 o-f i n t e g e r  £ 
v a r
r , s , t :  c o o r d  ;
i s _ s q u a r e  : ARRAYII0 .  . 3 4 2 3  o f  b o o l e a n  ; 
p r o c e d u r e  s q u a r e  ;
( *  t h i s  p r o c e d u r e  f i n d  a l l  s q u a r e s  i n  F ( 3 4 3 )  * )
( *  -  ( I , J , K )  i s  a n y  e l e m e n t  i n  F < 3 4 3 )  , w i t h
( r , s , t ) *>
v a r
I , J , K , e , w  s i n t e g e r  ; 
b e g i n
w r i t e l n  ( ' * * * * * * *  l i s t  o f  a l l  s q u a r e s  i n  F ( 3 4 3 )
w r i t e l n  ; 
e  s = 0 ;
f o r  I : =  1 t o  3  d o  
f o r  J 1 t o  7  d o  
f o r  K s =  1 t o  7  d o  
b e g i  n 
e  : =  e +1 ;
r C e l  : = ( 1*1  + 3 * J * K  > MOD 7  ;
s C e l  : =  < 2 * I * J  + 5*K*K ) MOD 7 ;
tC e l l  : =  ( 2 * I*K + J * J  ) MOD 7;
e n d ;
f o r  J : =  1 t o  3  d o  
f o r  K 1 t o  7  d o  
b e g i  n
e  : = e  + 1 ;
rCeD : =  ( 3 * J * K  ) MOD 7 ;
sCeD : =  ( 5*K*K ) MOD 7;
t C e l  : =  ( J * J  ) MOD 7 ;
e n d ;
f o r  K : =  1 t o  3  d o  
b e g i n  
e  : = e  + 1 ; 
r  C e  3 : = 0 ;
s C e l  :== < 5*K*K ) MOD 7 ;  
t  C e l  : =  0 ;  
e n d ;
• ( *  n e x t  we g e n e r a t e  t h e  s e t  o f  s q u a r e s  i s „ . s q u a r e * )  
f o r  I : =  0  t o  3 4 2  d o
* * * * * *  ' ) ;
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i  5 _ s q u a r e [  I 3 : = - f a l s e ;  
f o r  I : =  1 t o  171 d o  
b e g i  n
w : =  4 9 * r  C I 3 + 7 * s E I 3  + t  C I □ ; 
i s _ . s q u a r e C w ]  : =  t r u e ;
w r i t e l n  ( r C I 3 : 6  , s C I 3 : 6  , t C I 3 : 6  , 1 : 1 0  ) ;  
e n d  
e n d ;
p r o c e d u r e  l i n e a r  map ;
( *  G e n e r a t e s  a l l  l i n e a r ,  i n v e r t  m ap s  on  F ( 3 4 3 )  *> 
v a r
a l ,  a 2 , a-y , 
b l ,  b 2 , b 3  , 
c l ,  c  2 ,  c 3  ,
H o  TA. X 9 X- f A. •«» 1
I ,  J ,  K, L ,  y ,  d e t  : i n t e g e r  ;
b e g i  n
•for I : =  1 t o  171 d o
b e g i  n
w r i t e l n  (1 s t . ) ;
a  1 s = rC I 3 ,5
a 2 : ~ sE I 3 5
a 3  : = tE I 3 J!
f  o r  J 1 t o  171
b e g i n  
c l  : = r C J 3 ; 
c  2  : = s  C J 3 ; 
c  3  : = t  C J 3 ;
• for  K : =  1 t o  171 d o  
b e g i  n
b l  : =  rCK3 ; 
b 2 : =  sC K 3 ; 
b 3  : =  tCKD ; 
d e t  : =  ( a l * b 2 * c 3  + c l * a 2 * b 3  + b l * c 2 * a 3
- a l * c 2 * b 3  -  c l * b 2 * a 3  -  a 2 * b l * c 3  > MOD 7 ;  
i f  ( d e t  <> 0  ) t h e n  
b e g i  n 
L ' : =  1 ; 
r e p e a t  1
(*  z i s  t h e  v a l u e  o f  t h e  map a t  ( r , s , t )  *) .
21 : — ( r  E L 3 * a l + 3 * s E L 3 * b l + t  CL 3 * c 1 ) MOD 7;
2 2 :== ( r E L 3 * a 2 + 3 * s E L 3 * b 2 + t  E L 3 * c 2 > MOD 7;
2 3  : = ( r  E L 3 * a 3 + 3 * s E L 3 * b 3 + t  C L 3 * c  3 ) MOD 7;
y : =  4 9 * 2 1 + 7*2  2  + 2 3  ;
L : =  L +1 ; 
u n t i l  ( L. > 171 ) o r  n o t  i  s _ _ s q u a r e l l y 3 ; 
i f  ( i s _ s q u a r e C y 3  ) t h e n  
b e g i  n
w r i  t e  ( 1 s t  , ' ' ; 5  ) ;
w r i t e  ( 1 s t  , ' a  = ( ' ,  a l  , ' , ' , a 2  , ' , ' , a 3 ) ;
wri te 
wri te 
end 
end 
end
end
end
end;
9
begin (*-fi eld 19*0 
square ; 
linearmap ; 
end.
(1st 
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